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Department of Mathematics—Indiana University
Analysis Qualifying Exam
August, 1996

You should attempt all nine of the following problems. Good Juck!

. Let X be the metric space
X = {(z,y) €R? 1y > |z['/3}

with the usuval Euclidean distance, and define f : X — R by f(z,y) = ;{?y—‘- for (z,y) # (0,0), and

J(0,0) = 0. Decide whether or not f is continuous at (0,0), and prove your answer by applying the
€ — & definition of continuity. Is f continuous at (0,0) when considered as a mapping from R? into R?
Prove your answer.

- Define ¢ : [~1,1) — R by g(z) = (=1)*/k? for |z| € (1/(k + 1),1/k) , k= 1,2,... , and g(0) = 0.
Decide whether or not g is differentiable at 0, and prove your answer. :

- Let {a,)3% be the Fibonacci sequence {1,1,2,3,5,8,...}. (Thus an4; = ap + an_, for n > 1.) Show
. ©

that th i E - : .

hat the series — converges

n=0 "

. Compute / curl F - NdA, where Fis the vector field F(z, y, z) = —=22% ) ,® :{0,1)x[0,27) — R3

A o) = oy P R0 2 - R
is the surface ®(r,0) = (rcosf,r?,rsinf), N is a unit normal vector on &, and dA is the surface area
element.

- Let E be an open set in R”, and let F : E — R" be C!. Show that, if the function |F|? has a nonzero
relative minimum at a point zo € E, then the linear transformation F'(z¢) must be singular.

. Let f:[0,00) — R be continuous, and assume that :li’?c, f(z) exists and is a finite number L. What
can be said about

1
lim/ f(nz)dz ?
0

n—oL

Prove your answer.

- Let A be the set of real numbers in [0, 1] whose decimal expansions contain only the digits 3 and 8. Is
A countable? Is A dense in [0,1]? Is A closed? Prove your answers.

. Let E C R? be open and nonempty. Prove that there is no one-to-one, C? function mapping E into R..

- Let E C R? be open, and let F : E — R have continuous second order derivatjves in E. Denote by f*
Jer  foy .
Jve Suy

_a. Show that the set of points in E at which f has repeated eigenvalues is closed relative to E.
b. Suppose that f is positive definite in E; that is, suppose that, for each z € £ and h € R? — {0},

(f”(z)h) - h > 0. Show that, for any compact subset J{ C E, there is a positive constant € such
that

the matrix of second partial derivatives

(S"(z)h) - b > e|h]?
for all z € K and all h € R2.
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Tier 1 Analysis Examination
August 1997

1.3-5.7.9---(2k+1)

. Does ar = >a6—ak— converge or diverge? Prove your assertion.

. Let S c R3 be the “tin can without a lid”.

{(,y,2): 22 +92=1,0<2<1}U{(z,1,2): 22 +3* < 1,2 =0}
Compute the flow [ F- NdA “out” of the can if F = (z(y + z), ~zy, —2y)

Definition : A transformation of class C! F : R® — R? is called volume pre-

serving if for every cube C C R3, with faces parallel to the coordinate planes,
volume (F(C)) = volume (C).

(i) Show that F(z,y,2) = (x + v,z — 4,22 ~ y) is volume preserving,

(ii) Show that if G : R® — R3 is volume preserving then the determinant of its
derivative G’ equals 1, and G maps open sets into open sets.

Let fo(z) = ff/2 arctan’(t/n)dt n=1,2,---

(i) Show that Y > | fi(x) (sum of derivatives) is uniformly convergent on [—1, 1.
(i) Show that g(z) =Y oo, fa(x) is differentiable for all z.

Let I; be a countable family of closed intervals whose interiors are pairwise
disjoint and such that UI; = [0,1}. Show directly (without fancy integration
theorems) that Z Ca Gl =1,

Give a counterexample to this statement: Every f : R — R with the property
that f~!(K) is compact for any compact K is continuous.

Let g : R? = R be a C*® functxon with 0 € R? a critical point. Suppose the

matrix of second partials ( Breds; (0)) has eigenvalues —2 and 0. Show that the
origin is NOT a local minimum of g.

Definition : A metric space is said to have property Z if every sequence with
exactly one cluster point converges. (Recall that every neighborhood of a cluster
point of {z,} contains infinitely many z,).

(i) Give an example of a metric space that has property Z and an example of a
metric space that does not.

- (i) What properties of metric spaces are implied by or equivalent to property Z?



ANALYSIS EXAMINATION
January, 1998

Instructions: Answer all seven questions. Each of the seven questions is equally weighted.
Notation: R. denotes the set of all real numbers.

- State whether each of the following limit exists, and prove your assertions.

2y . 23
; b) 1 Y
@ N T ®) dPony 35

. Suppose f : R — R is a uniformly continuous function on R. If |
24(1/k)
fk(:c).-_-k/ fydt forzeRandk=1,2,3, ...
z
prove that the sequence {fi} corivergfs to f uniformly on R.

. Compute the surface integral // (z? + y?) dA, where S is the boundary of the set {(z,y,2) € R3: \/z? + ¥’<z<1},-
: s
and dA denotes the surface area element. ’

. Let 71 : R? = R and = : R? — R be the projection maps

m(z,y) =z, =(z,y)=y, for (z,y) € R?,
and let S be the horizontal strip § = {(z,y) e R?: -1 < y < 1}. State whether each of the following assertions is
TRUE or FALSE, and prove your assertions.

(a) If E is a closed subset of R? such that E C S, then the image 7,(E) must be a closed subset of R..
(b) If E is a closed subset of R2 such that E C S, then the image 72(E) must be a closed subset of R.

- If f is a continuous function on [0, 1}, prove that
o0 1
‘ - Ereky]
lt‘:‘? [(1 t)kzzbt f(t )J _/0 f(z)dz.

- Let Q be a bounded, connected open set in R™, and let f be a continuous real-valued function on the closure of 2. Suppose
that f is of class C™ on the set 2, and suppose that for each point p € Q there is at least one index § € {1,2,...,n}

such that ’

8
a—z?(}?) <0.
If
flp)>0 for every point p in the boundary of §,

prove that
f(p) >0  for every point p in Q.

- Let Q be a convex open set in R2. Let f:Q — R and g : 2 — R be functions of class C®, and assume that for each
point p €  we have '

8 7]
Lin)2s, 2025, l%(p)l <1,

89
a—z(P)l <L

Define T : @ — R2? by T(p) = (f(p), 9(p)) for each point p € Q. Prove that the ﬁnage T(R) is an open subset of R?,
and that T is a one-to-one mapping from Q onto T(Q). '
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1. Consider the sequence of functions fy(z) := {sin(kz)}, k =1,2,..., and observe
that sin(kz) = 0 if © = mn/k for all integers m. Given an arbitrary interval
[a, b], show that {fi} has no subsequence that converges uniformly on [a, b].

2.
(a) Given a sequence of functions fj defined on [0,1], define what it means for
{fx} to be equicontinuous.

(b) Let G(z,y) be a continuous function on R? and suppose for each positive
integer k, that g is a continuous function defined on [0, 1] with the property
that |gx(y)| <1 for all y € [0,1]. Now define

1
fi(z) ;:/ gr(y)G(2,y) dy.
0
Prove that the sequence { f;} is equicontinuous on [0, 1].

3. Let 2 C R™ be an open connected set and let €2 L Obea C' transformation
with the property that determinant of its Jacobian matrix, |J f|, never vanishes.
That is, |Jf(z)| # 0 for each z € Q. Assume also that f~!(K) is compact
whenever K C () is a compact set. Prove that f(Q) = Q.

4. Let G(x,y) be a continuous function defined on R?. Consider the function f

defined for each t > 0 by
// Gz.y) dx dy.
2pyzcrr /12— 2 — 2

lim f(t) =0.

t—0t+

Prove that

5. Let (X,d) be a compact metric space and let G be an arbitrary family of open
sets in X. Prove that there is a number A\ > 0 with the property that if z,y € X
are points with d(z,y) < A, then there exists an open set U € G such that both
x and y belong to U.

6. Let T' := {(x,y,2) € R? : €®¥ = x,2? + y*> + 22 = 10}. The Implicit Func-
tion theorem ensures that I' is a curve in some neighborhood of the point

p = (e ,e, 10 —e? — e%) That is, there is open interval I C R! and a C*!
mapping I —— T such that v(0) = p. Find a unit vector v such that v = i—%

7. Suppose that a hill is described as {(z,y,2z) € R?® : (z,y, f(z,y))} where
f(z,y) = 23+ 2 —4xy —2y%. Suppose that a climber is located at p = (1,2, —14)
on the hill and wants to move from p to another location on the hill without
changing elevation. In which direction should the climber proceed from p? Ex-
press your answer in terms of a vector and completely justify your answer.



2

8. Suppose g and fi (k =1,2,...) are defined on (0, 00), are Riemann integrable
on [t,T] whenever 0 < t < T < oo, |fx| < g, fr — f uniformly on every compact
subset of (0, 00), and

/Ooog(as) dr < 0.

Prove that

lim /0 " f(a) do = /0 " fa) da

k— o0
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. Prove that the function

f) = { x4+ 22?%sin(1/x) if x #0

0 iftx=20

satisfies f/(0) > 0, but that there is no open interval containing 0 on which f is
increasing.

. Let F:R? — R? be a mapping defined by F(z,y) = (u,v) where

Note that F(—n/3,7/3) = (—7/6,7/6).

(i) Show that there exist neighborhoods U of (—7/3,7/3), V of (—7/6,7/6), and
a differentiable function G:V — U such that F' restricted to U is one-to-one,
F(U)=V and G(F(z,y)) = (x,y) for every (x,y) € U.

(ii) Let U,V and G be as in part (i), and write
G(u,v) = (z,y), with x = z(u,v),y = y(u,v).

Find 5 5
or. 99
8u( m/6,7/6) and 8v( 7/6,7/6).

. Beginning with a; > 2, define a sequence recursively by a,+1 = /2 + a,,. Show
that the sequence is monotone and compute its limit.

. Let f: K — R"™ be a one-to-one continuous mapping, where K C R" is a compact
set. Thus, the mapping f~! is defined on f(K). Prove that f~! is continuous.

. Let S denote the 2-dimensional surface in R? defined by F: D — R? where
D = {(z,y) : 22 +y* < 4} and F(z,y) = (z,y,6 — (2% + y?)). Let w be the
differential 1-form in R? defined by w = yz? dx +z2 dy + 2%y? dz. After choosing
an orientation of S, evaluate the integral

/zdx/\dy-l—dw.
S

. Let f:U — R! where U := (0,1) x (0,1). Thus, f = f(z,y) is a function of two
variables. Assume for each fixed = € (0,1), that f(x,-) is a continuous function
of y. Let F denote the countable family of functions f(-,r) where r € (0,1)
is a rational number. Thus, for each rational number r € (0,1), f(-,r) is a
function of . Assume that the family F is equicontinuous. Now prove that f is
a continuous function of x and y; that is, prove that f:U — R! is a continuous
function.



7. Let f1 > fo > f3 > ... be a sequence of real-valued continuous functions defined
on the closed unit ball B C R" such that klim fr(x) =0 for each x € B. Prove

that fr — 0 uniformly on B. This is a special case of Dini’s theorem. You may
not appeal to Dini’s theorem to answer the problem.

8. Let f:R! — R! be a nonnegative function satisfying the Lipschitz condition
|f(z1) — f(22)| < K|21 — 2] for all 21, 22 € R and where K > 0. Suppose that

/Ooof(as) dz < oo

Prove that
lim f(z) =0.

r— 00

9. Let F' be a nonnegative, continuous real-valued function defined on the infinite
strip {(z,y) : 0 < z < 1,y € R'} with the property that F(z,y) < 4 for all
(x,y) € [0,1] x [0,2]. Let f,, be a continuous piecewise-linear function from [0, 1]
to R! such that f,(0) = 0, f, is linear on each interval of the form [%, “t1],

i=0,1,...,n—1, and for z € (£, 1), f/(z) = F(%, fo(%)). Prove that there

is a subsequence {f,, } of {f,.} such that f,, converges uniformly to a function

fon[0,1/2].
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There is no unusual notation in this exam: R stands for the real line, R" for n-dimensional

Euclidean space, and ||z|| for the Euclidean norm of a vector z € R™ (distance from z to 0). You
must do eight of the following problems. Please indicate which of the nine problems should not
be graded. ‘

1.

2.

Let f: (0 00) = R be a bounded continuous function. Show that there exists ¢ € (0, 00) such
that [° e~ f(z) dz = f(c).

Let f : R® — R™ be a a continuous function such that ||f(z)|| < ||z|] for every point z # 0.
Fix a point z; € R", and define recursively z,4+1 = f(z,) for n > 1. Show that the sequence
(£2)S2, converges to 0.

. Let f : R® = R" be a mapping of class C! such that the Jacobian determinant J 7(x) is

different from zero for all points z. Assume in addition that {z : ||f(z)|| < M} is a bounded
set for every M > 0. Show that f is onto That is, show that for every y € R™ there exxsts at
least one point x € R" such that f(z) =

Consider the surface S surface in R3 con31st1ng of all points of coordinates (z,y, z) such that
z?+y*+ 2> = 1 and z > 3, and choose an orientation for S. Calculate the integral [, w,
where the 2-form w is defined by

w(z,y,2) = zdr Ady + ydy Adz + zdz A dx

for (z,y,2) € R3.

. Denote by D = {(z,y) : z > 0} the right half-plane in R?, and let f be a function of class C!

defined on D. Assume that

of 1 of .
"a;(-’v,y)ﬁ - and 6—1,“(3,1/)5'1

/z

for all (z,y) € D. Show that f is uniformly continuous on D.
Assume that the function f : R — R is differentiable at every point, and (a,)32., and (b
are two sequences converging to zero with a, < b, for all n. Do the quotients

f(bn) = f(an)

bn — Qn

n)go=l

necessarily converge to f'(0)? (Prove if yes, give a counterexample if no.)

Let f : [0,1] x [0,1] = R be a continuous function, and define g : [0,1] — R by g(z) =
maxye(o,1j f(,y). Show that g is continuous.

Let (a,,)32; be a sequence of real numbers, and define s, = Zk__l ai. Assume that

limy, o0 v/1ay, = 1 and prove that lim,, 0 $,/v/n = 2.

Consider a complete metric space (X,d), and a sequence F; D F; D --- of nonempty, closed
subsets of X. Assume that for each n, the set F, can be covered by a finite number of balls
of radius 1/n. For each n, select a point z, € F,,. Prove that the sequence (z,)S, has a
convergent subsequence.
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. Let Q be an open set in R?. Let u be a real-valued function on Q. Suppose that for

each point a € €2 the partial derivatives u,(a) and u,(a) exist and are equal to zero.

(i) Prove that u is locally constant, i.e. for every point in €2 there is a neighborhood
on which u is a constant function.

(ii) Prove that if € is connected, then u is a constant function on € .

. Let S be the surface in the Euclidean space R?® given by the equation 22+ y% — 22 =

1, 0 <z <1, oriented so that the normal vector points away from the z-axis. Find

JF-dS , where F is the vector field defined by
S

F(z,y,2) = (—zy® +2°, —2%y, (2> +y°)z)

. Let f(zr) =€ —cosx for z €R .

(i) Show that on a neighborhood around z = 0, f has an inverse function g with
9(0)=0.

(ii) Compute ¢"'(0) .

(iii) Show that there exists a > 0 such that f : (—a,00) — (f(—a),o0) is a homeo-

morphism.
. For positive numbers k1, ko, ks, ... we define [k1] = k—ll, [k1, k2] = m ,
[k1, k2, k3] = m , and inductively, [ki,..., k1] = m . Prove
that lim [k1,..., k] existsif k, >2 for all n.

. Two circular holes of radius 1 in are drilled from the centers of two faces of a solid

cube of volume 64 in® . Compute the volume of the remaining solid.

. Let v1, 2, ¢3, ... be non-negative continuous functions on [—1, 1] such that
() [1 en)dt =1 for k=1,2,3, ... ;
(ii) for every 0 € (0,1) klim ¢ = 0 uniformly on [—1,—-6] U4, 1] .

1



Prove that for every continuous function f : [—1,1] — R we have

1
lim / et = 0)

k—o0

. Suppose lim a, =a, lim b, =b, and let

n—oo n—oo

Clen + a2bn—1 +---+ anbl
n

n:

Prove that lim ¢,, = ab .
n—oo

. Let f : R — R be a uniformly continuous function on R. Prove that there exist

positive constants A and B such that

If(x)| < Alzg|+B forallz e R .

. Let f: R — R be a differentiable function. Suppose lim @) — 1. Prove that there

r— 00 R

exists a sequence {z,,}5° ; such that lim z, =occ and lim f'(x,)=1.

n—oo n—oo
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It is important to justify your answers. A correct answer, without justification (for

example to #3 or #4) will receive no credit.

1. Evaluate the limit }

T 1 n 1 + + 1
e n+l n+2 7 n4n

n—roo

by interpreting it as a definite integral.

2. Consider the 1-form F defined on R?\{0} by

zdy — ydz
2 + y2

(a) Evaluate [, F, where C is the unit square, [~1,1} x [-1,1], in R2?, positively
oriented.

(b) Is F exact on R?\{0}?

- ‘Suppose that {f,}52, is a sequence of continuous, real-valued functions on [0,1] that

w

converges uniformly to a function f on [0, 1]. Must f have a zero in [0,1] (i.e. f(z) =0

for some = € [0,1]) if each £, has a zero in [0, 1]?

cos(log n)
n

A

- Does the series 3°7° converge or diverge?

- Let f be a continuous function on [0,1]. Show that

(7

/ f(x) sin(nz) dz — 0
0

as n — ©o.

[=2]

- Is the function f(x) = \/x uniformly continuous on [0,00)?

\]

. Consider the function f = R2 — R defined by

N B ny? (:L,!/)#(O’O)
flz,y) = {O * (x,y):(O,O)

Show that %J{ exists everywhere on R? but that g—f 1s not continuous everywhere.



10.

11.

Let :
{ f:[0,2r] = R : f is continuous }

and |f(z)| < 1 for all z € [0,2n]

Put a metric d on X by defining

2w
d(f,.<1)=\/0 (f(z) — g(z))?d=

(You may assume that d actually does define a metric on X.)

Is (X, d) compact?

Let R2*2 denote the set of all real 2 x 2 matrices. Make it a metric space by identifying

R2*? with the 4-dimensional Euclidean space R* via

a b
(c d) = (a,b,¢c,d)

Let X C R%2%? denote the subset of all invertible 2 x 2 matrices. Is X connected?

Consider the two equations

2_ .2
Fi(z,y,u,v)=¢e" 77 uw -0 =0

By(z,y,u,v) = et v g2 y> =0
Prove that there exists a neighborhood, U, of (1,1) € R? and functions u(z,y) and
v(z,y) on U with u(1,1) = v(1,1) = 1 such that

F1 (:l:, y,u(:v,y),v(:v, y)) = F2 (a:,y-,u(x,y),v(a:,y)) =0 V:l:,y eU.

Find élg—l-ﬂ
ar

(1,1

Let f,, : R = R (n = 1,2,...) be an equicontinuous sequence of functions. If fu(z) — 0

as n — oo for each x € R, does it follow that the convergence is uniform on R?
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Compute ‘
/CurlF -NdA ,
s

where S is that part of the surface y = 22+ 22 in R3 for which 0 < y <1, N
is the unit normal to S pointing toward the y-axis, d4 is the area element, and

F:R?® — R3 is the mapping
F(z,y,2) = ¢* ¥ (z,y,~2).

. Suppose that f:[0,00) — R! is a nonnegative, uniformly continuous function
and that

/Ooof(m) dx < 0.

Prove that lim f(z) = 0.
00

Let f :R? — R! be continuous, and define
1
o) = [ sz
0

of . .
Assume that —f is continuous on R?, and compute ¢'(y). Prove your result.

oy

. The function 515334 +z?y? — 2% — y® — 2y has critical points at (24,0) and (0,0).
By a careful analysis, determine whether each point is a local maximum, local
minimum or a point which is neither a local maximum nor a local minimum.

. Let f: B — R! be a uniformly continuous function, where B C R”" is an open
ball. Prove that there is a uniformly continuous function F defined on the
closure of B such that F restricted to B is equal to f.



2
6. Let g:R? — R? be defined for points = = (z,y) by
9(z,y) = (@ + 3% - 2% = ?| ,2® + 7 + |2* — 4?)).

(a) Give the definition of the differential of g at 2, denoted by dg(xo).

(b) Determine those points x4 € R? where dg(x) exists and where it does not
exist. In both cases, justify your answer. Be sure to analyze the case oy = 0.

(c) Find those points g € R? where g locally has a differentiable inverse and
where it does not. In both cases, justify your answer.

7. Let n be an integer greater than 1, and consider the following statement: If
w is a differential 2-form on R™ with the property that w A A\ = 0 for every
differential 1-form A, then w must be the zero form. For what n is the above
statement true? For what n is it false? Prove your answers.

8. (a) Let F:R3® — R? be defined by
F(z,y,2) = (" + 2y — 12" + 2% —y* = 2)
and observe that F'(a) = (0,0) where a = (—1,0,1). Prove that there exist an
open interval (a,b), a C' curve of the form y(t) = (f(t), g(t), h(t)) with a < ¢t < b,
and an open set U C R? containing a such that
UNFH0,0) = {y(t):a < t < b}
(b) Compute 7'(to) = (f'(to), ¢'(to), k' (to)) where v(to) = a.

9. Let f:{0,1] - R! be defined by

. 1 .
0 forz=0.

(a) For any given € » 0, show how to construct a partition P of the interval
[0, 1] such that
U(P, f) — L(P, f) <e.

(U(P, f) and L(P, f) are the upper and lower Riemann sums for f over the

partition P).
(b) Find an expression for
1
/ f(z)dz.
0

and justify your answer.
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NOTATION: For z € R, let |z| denote the Euclidean norm of x (i.e. the Euclidean
distance of z from the origin 0 € R").

1. Let f : R? — R be a function such that
of ~ Of
25y = =

8121( ) 8:172

(a) Does it follow that f differentiable at = = 07 Explain.

(b) Prove or give a counterexample that f is continuous at z = 0.

©=0.

2. Let {f,}32, be a sequence of real valued, differentiable functions on the real line
such that :
(a) fa(z) — O for each z € [0,1]
(b) |f.(x)] < 1 for all z € [0,1] and all n=12....

Show that the sequence {f,}52, converges uniformly on [0,1] to O.

3. Let E C R" be nonempty. For z € R" define
D(z)=inf{|lz—y|:y € E} .

(a) Show that D is a continuous function on R” (under the usual topology on R and
R™).
(b) Show that {z € R" : D(z) = |zl} is closed in R™.

4. Let w be a smooth 1-form on R? that satisfies

wAdz = —d(x®) Ndy
and

wAdy =dz A\ d(y2).
Let v : [0,1] — R? be the differentiable path that joins (0,0) to (—1,4) given by

y(t) = (—sin 2t,4¢*) for t € [0,1]. Compute /w.
v

5. a) Prove or provide a counterexample to the following statement: If f:R—>Risa
continuous function, then there exists a real number L such that

0 Jecpzi<a T

b) What is your answer to part a) if there exist positive constants C and a such that
forallz #y€R

f(z) = f@) < Clz —y|* 7

Again, prove that the limit exists or give a counterexmple.



. Suppose that for each 7 =1,2,..., g5 : [0,1] — R is a continuous function such that
1

[ 1g;(z)|dz < 1000. Suppose b : [0,1] — R is a continuous function. Suppose that
0

foreachn=20,1,2,...,
1 1
lim [ z"g;(x)dr = /a:"h(x)dx .
j—0o
0 0

Let f:[0,1] — R be a continuous function. Prove that
1

im [ f(@o,(a)ds = [ f@h(ayis

J—00

0

. Let f=(f1, f2): R? — R2 be defined by fi(x1,72) = z1 and for o > 0

Ty — 22 if 3y > 2}

2
Ty .
f2($1,$2) = ;‘—2 — T2, if IL‘% > Io > 0
1

If 2, < 0, define fp by fo(z1,22) = — fa(x1, —T2). This function f is differentiable at
0, and you may use this fact without proving it, whenever needed, below.

(a) Show that f is differentiable (at all points in R?). Show that f’ (0) = identity.

(b) Prove that f is not one-to-one in any small neighborhood of the origin 0.

(c) State the inverse function theorem. In view of part b), the theorem does not
apply to f near the origin z = 0. EXPLAIN. Explicitly what condition of the
theorem is not met by the function f (at 0)?

. Let f : R® — R" be continuously differentiable.

(a) Assume that the Jacobian matrix (8f:/0z;) has rank n everywhere. Prove that
f(R™) is open.

(b) Suppose that f~!(K) is compact whenever K C R” is compact. Prove that
f(R™) is closed.

(c) Assume that the Jacobian matrix (8f:/dz;) has rank n everywhere, and that
f~Y(K) is compact whenever K C R™ is compact. Prove that f(R") =R”

. Define the function g : [0,00) — R as follows:

x

.3
o(z) = /sm udu

u
0

Note that this integral is well defined, since |sinu| < u for all u > 0. Prove that
lim g(z) exists in R. (You don’t have to find the limit.)



Name ID number

Analysis Qualifying Exam, Spring 2002, Indiana University

Instructions. There are nine problems, each of equal value. Show your work,

justifying all steps by direct calculation or by reference to an appropriate theorem.

Good luck!

1. Let ag,a,...,a, be a set of real numbers satisfying

a a
a0+_1+...+ n :0'

2 n+1
Prove that the polynomial P,(x) = ag + a1 + - - - + a,z™ has at least one root in

(0,1).

2. Let f, : R — R be differentiable, for all n, with derivative uniformly bounded
(in absolute value) by 1. Further assume that lim, . fn(xz) = g(z) exists for all

x € R. Prove that g : R — R is continuous.

3. Let f : R? — R have the property that for every (z,y) € R?, there exists
some rectangular interval [a,b] X [¢,d], a < x < b, ¢ < y < d, on which f is

Riemann integrable. Show that f is Riemann integrable on any rectangular interval
le, f] % [g, h].
4. Show that the sequence
1/2,(1/2)2,((1/2)V2) V2, (((1/2)) V)12,
converges to a limit L, and determine this limit.

5. Let f, g : R? — R be functions with continuous first derivative such that the
map F : (x,y) — (f,g) has Jacobian determinant

det (f v Ty )
gz Gy
identically equal to one. Show that F' is open, i.e., it takes open sets to open sets.

If also f is linear , i.e. f, and f, are constant, show that F' is one-to-one.

6. Let f : (0,1] — R have continuous first derivative, with f(1) = 1 and
|/ (2)] <z~ Y2 if |f(z)| < 3. Prove that lim,_q+ f(x) exists.



7. Letting S = {(x,y,2) : 2% + y* + 22 = 1} denote the unit sphere in R3,

evaluate the surface integral

F:—//P(x,y,z)ydA,
S

where v(z,y,2) = (z,y,2) denotes the outward normal to S, dA the standard
surface element, and:

(a) P(x,y,z) = Py, Py a constant.

(b) P(x,y,2) = Gz, G a constant.

Remark (not needed for solution): F' corresponds to the total buoyant force

exerted on the unit ball by an external, ideal fluid with pressure field P.

8. Compute the integral
/ y(z + 1)dx + xzdy + xydz,
c

where C': x = cosf, y =sinf, z =sin®>0 +cos® 6, 0<6 < 2.

9. Let X and Y be metric spaces and f : X — Y. If lim,_,, f(p) exists for all

x € X, show that g(z) = lim,_., f(p) is continuous on X.



Tier 1 Analysis Examination — August, 2002

1. In the classical false position method to find roots of f(x) = 0, one begins with two approximations
xo, x1 and generates a sequence of (hopefully) better approximations via
In — 0

f(@n) = f(z0)

Consider the following sketch in which the function f(x) is to be increasing and convex:

Tpg1 = Ty — f(Tn) for n=1,2,...

Fig. 1.2

The sequence {z,} is constructed as follows. We begin with the two approximations (zg, f(z¢)) and
(z1, f(z1)) = (0, f(0)) The chord is drawn between these two points; the point at which this chord crosses
the x—axis is taken to be the next approximation x5. One then draws the chord between the two points
(z0, f(z0)) and (z2, f(z2)). The next approximation x3 is that point where this chord crosses the axis, as
shown. For f strictly increasing and convex and for initial approximations zg > 0, z; = 0 with f(zg) > 0,
f(z1) < 0, prove rigorously that this sequence must converge to the unique solution of f(x) = 0 over [z1, x¢].

2. (a) Show that it is possible to solve the equations
zul+yzv+222-3=0
zyvd 4+ 2zu —u?0? —2=0
for (u,v) in terms of (z,y, z) in a neighborhood of (1,1,1,1,1).

(b) Given that the inverse of the matrix
2 1 is
0 1

3. Let X be a complete metric space and let Y be a subspace of X. Prove that Y is complete if and only if
it is closed.

O

o
N [=

N—

find 8% at (1,1,1).

4. Suppose f: K — R! is a continuous function defined on a compact set K with the property that f(x) > 0
for all x € K. Show that there exists a number ¢ > 0 such that f(z) > ¢ for all x € K.

5. Let f(z) be a continuous function on [0, 1] which satisfies

1
/m”f(x)dw:() forall n=0,1,...
0



Prove that f(z) = 0 for all « € [0,1].
6. Show that the Riemann integral [~ 32 dx exists.

7. Let

_Jz(l-y) f0<z<y<l1
G(Ji,y)—{y(l_x) fo<y<az<l

Let {fn(x)} be a uniformly bounded sequence of continuous functions on [0, 1] and consider the sequence

n () = / G(w,y) faly) dy.

Show that the sequence {u,(x)} contains a uniformly convergent subsequence on [0, 1].

8. Let f be a real-valued function defined on an open set U C R? whose partial derivatives exist everywhere
on U and are bounded. Show that f is continuous on U.

9. For x € R3 consider spherical coordinates r = rw where |w| = 1 and |z| = 7. Let wy be the k’th component
of w for any k =1,2,3. Use the divergence theorem to evaluate the surface integral

/ W ds.
|w|=1

10. Let {fx} be a sequence of continuous functions defined on [a,b]. Show that if {fx} converges uniformly
on (a,b), then it also converges uniformly on [a, b].

11. Let f:R™ — R¥ be a continuous mapping. Show that f(S) is bounded in R¥ if S is a bounded set in R™.



Tier 1 Analysis Examination — August, 2002

1. In the classical false position method to find roots of f(x) = 0, one begins with two approximations
xo, x1 and generates a sequence of (hopefully) better approximations via

S for n=1,2

f(xn) = f(xo) U

Consider the following sketch in which the function f(x) is to be increasing and convex:

Tp+l1l = Tn — f(xn)

Fig. 1.2

The sequence {z,} is constructed as follows. We begin with the two approximations (zg, f(z¢)) and
(z1, f(z1)) = (0, f(0)) The chord is drawn between these two points; the point at which this chord crosses
the x—axis is taken to be the next approximation x5. One then draws the chord between the two points
(o, f(xo)) and (x2, f(z2)). The next approximation z3 is that point where this chord crosses the axis, as
shown. For f strictly increasing and convex and for initial approximations xg > 0, 1 = 0 with f(zq) > 0,
f(z1) < 0, prove rigorously that this sequence must converge to the unique solution of f(z) = 0 over [z1, o).

2. (a) Show that it is possible to solve the equations
zul+yzv+222-3=0
zyvd 4+ 2zu —u?0? —2=0
for (u,v) in terms of (x,y, 2) in a neighborhood of (1,1,1,1,1).

(b) Given that the inverse of the matrix
(2 1) : (
01

3. Let X be a complete metric space and let Y be a subspace of X. Prove that Y is complete if and only if
it is closed.

ON=
o

D=

N———

find 2% at (1,1,1).

4. Suppose f: K — R! is a continuous function defined on a compact set K with the property that f(z) > 0
for all z € K. Show that there exists a number ¢ > 0 such that f(z) > ¢ for all z € K.

5. Let f(z) be a continuous function on [0, 1] which satisfies

1
/x"f(x)dx:O forall n=0,1,...
0



Prove that f(z) =0 for all z € [0,1].

6. Show that the Riemann integral [;° S22 dz exists.

7. Let

_Jx(l—-y) f0<z<y<l1
G(x,y)—{yu_x) fo<y<az<l1

Let {fn(x)} be a uniformly bounded sequence of continuous functions on [0, 1] and consider the sequence

un(z) = / G 9) fu(y) dy.

Show that the sequence {u,(x)} contains a uniformly convergent subsequence on [0, 1].

8. Let f be a real valued function defined on an open set U C R? whose partial derivatives exist everywhere
on U and are bounded. Show that f is continuous on U.

9. For z € R3 consider spherical coordinates z = rw where |w| = 1 and |z| = r. Let wy, be the k’th component
of w for any k = 1,2,3. Use the divergence theorem to evaluate the surface integral

/ Wik ds.
|w|=1

10. Let {fx} be a sequence of continuous functions defined on [a,b]. Show that if {f} converges uniformly
on (a,b), then it also converges uniformly on [a, b].

11. Let f:R™ — R¥ be a continuous mapping. Show that f(.9) is bounded in R¥ if S is a bounded set in R™.



Tier 1 Analysis Exam

January 2003

. Consider a function f : R — R. Which of the following statements is equivalent to
the continuity of f at 07 (Provide justification for each of your answers.)

a) For every € > 0 there exists § > 0 such that |z| < ¢ implies |f(z) — f(0)| < e.

b) For every € > 0 there exists d > 0 such that |x| < § implies |f(z) — f(0)| < e.

c) For every ¢ > 0 there exists § > 0 such that |x| < ¢ implies |f(z) — f(0)] < e.

. Consider a uniformly continuous real-valued function f defined on the interval [0, 1).

Show that lim f(¢) exists. Is a similar statement true if [0, 1) is replaced by [0, 00)?
t—1—

. Let f be a real-valued continuous function on [0, 1] such that f(0) = f(1). Show that
there exists € [0,1/2] such that f(x) = f(z + 1/2).

. If f is differentiable on [0, 1] with continuous derivative f’, show that

[ 17lar < max{ e )

. Let f: R? — R be continuous and with compact support, i.e. there exists R > 0

such that f(z,y) =0 if 2% +y? > R%

1
f(x)dx
0

a) Show that the integral

e =

converges for all (u,v) € R?, and show that g(u,v) is continuous in (u,v).

b) Show that, if in addition f has continuous first order partial derivatives, then so

// \/m—é:f _ fu)dedy'

does g and




6.

10.

Show that for any two functions f, g which have continuous second order partial
derivatives, defined in a neighborhood of the sphere S = {(x,y, 2) € R3: 22 4y2 422 =
1} in R?, one has

/(foVg)-dS:O

S

where V f, Vg are the gradient of f, g respectively.

Show that if {x,} is a bounded sequence of real numbers such that 2z, < z,11+2,_1

for all n, then lim (2,41 —x,) =0.

For a non-empty set X, let RY be the set of all maps from X to R. For f,g € R¥,
define

@) - g(@)]
429 = 59 TR @y = g

a) Show that (R, d) is a metric space.
b) Show that f, — f in (R™,d) if and only if f, converges uniformly to f.

1

Show that if f:[0,1] — R is continuous, and [ f(z)z*"dz =0, n =0,1,2,--- then
0

f(z) =0 for all z € [0,1].

a) Let f:R"™ — R be a differentiable function. Show that for any =,y € R", there

exists z € R" such that

flx) = fly) = Df(z) - (z —y)

where D f(z) denotes the derivative matrix of f (in this case it is the same as the

gradient of f) at z, and “.” denotes the usual dot product in R".

b) Let f: R"™ — R" be a differentiable map. Show that if f has the property that

IDf(z) = I|| < 5 for all z € R", where I is the n x n identity matrix, then f is

a diffeomorphism, i.e. f is one-to-one, onto and f~! is also differentiable. ( For a

matrix A = (ai;), ||Al|= O] a?j)l/Q' )
4,7



Tier I exam in analysis - August 2003

Answer all the problems. Justify your answers.

1. Let f(z) be a function that is continuous in [-1,1], differentiable in (~1,1), and
satisfies f(—1) = —7/2, f(1) =7/2, f'(z) = \/ﬁ in (—1,1). Prove that f(x) =
arcsin(z) in [—1,1]. ‘

2. Determine the values of x € R such that the series
: - .
Z —
n=2 ny/In{n + z2)
converges.

3. Recall that a square matrix M is called orthogonal if its rows form an orthonormal
set. The set of all orthogonal matrices will be denoted by O. (Note that an
orthogonal matrix necessarily satisfies the condition M M* = I where M* denotes

the transpose of M.)
b
Let Mo = ( . )

be a given element of O where a,b,c and d are real numbers.

(i). Prove that, except for 4 special matrices My, there always exists a number
5 > 0 and three functions f, g, h, continuously differentiable for z € (a —d,a + ),

such that @)
T z
(gm h(z) ) €0,

for all z € (a — §,a + 6) with f(a) =b, g(a) = ¢ and h(a) = d.

(ii). What are the four exceptional matrices of part (i)?

4. A vector field F :R2? — R? is said to be conservative in an open set D if the line
integral [o F - ds = 0 for every closed curve C' C D. Find all numbers ¢ and b
such that the vector field

F’(I,y)=(

T+ay bzx+y
$2 + y2 * $2 + y2
is conservative in

1 1
D:{(.’E,y) §<$2+y2<z},

5. Consider the triangle with vertices (3,0) (5,0) and (5,1) in the (z,y)-plane.
Revolve it around the y-axis in (z,v,z)-space R® to sweep out a “triangular
torus” T, evaluate the surface integral

/Tﬁ-ﬁds».

Here © : R® — R3 is the vector field 4(z,y,z) = (~y,z,2), 7 is the outward
unit normal field on T, and dS is the usual surface-area element on 7.



6.

8.

Suppose f:R?% — R is a C* function that has a critical point at (0,0). Suppose
that f(0,0) = 0 and that all the first and second order partial derivatives of f
vanish at (0,0). Also, assume that not all third order partial derivatives vanish
at (0,0). Show that f can have neither a local max nor a local min at the critical
point (0, 0).

Recall that a function g: {a,b] — R is said to be Lipschitz if there is a constant K
such that |g(z) ~ g(y)] < K |z — y| for all z,y € [a,b].

Assume that f is a bounded Riemann integrable function on {a,b]. Prove that for
each £ > 0, there exists a Lipschitz function g such that

[ 17(@) - o(z)l do <.

(a) If B C R"” is a bounded set and f: B — R is uniformly continuous, show
that f(B) is bounded.

(b) Give an example to show that the econclusion of part (a) is not necessarily
true if f is merely continuous on B.



TIER 1 Analysis Exam January 2004

Instruction: Solve as many of these problems as you can. Be sure to justify all
your answers.

1. Let {pn}22, and {g,}22, be strictly increasing, integer valued, sequences.
Show that if for each integer n > 1,

Pn dn—-1 — Pn—-1°'Gn = 1a

then the sequence of quotients p,, /¢, converges.

2. Consider the following system of equations
r-e¥Y =u,
y-el =u.

(a) Show that there exists an ¢ > 0 such that given any v and v with |u| < e
and |v| < e, the above system has a unique solution (z,y) € R2.

(b) Exhibit a pair (u,v) € R? such that there exist two distinct solutions
to this system. Justify your answer.

3. Let f : R — R be a differentiable function such that f’(a) < f’(b) for some
a < b. Prove that for any z € (f'(a), f'(b)), there is a ¢ € (a,b) such that
f'(¢) = z. Note: The derivative function f’ may not be continuous.

4. Let f: R* — R* be continuously differentiable. Let Df(z) denote the
differential (or derivative) of f at the point z € R* Prove or provide
a counter-example: The set of points x where Df(x) has a null space of
dimension 2 or greater is closed in R*.

5. Let C([0,1]) denote the collection of continuous real valued functions on
[0,1]. Define @ : C([0, 1]) — C([0,1]) by

t

@O =1+ [ e fOds  tefo]
0
for f € C([0,1]). Define fy € C([0,1]) by fo = 1 (i.e. the function of
constant value 1). Let f, = ®(f—1) forn=1,2, ....
(a) Prove that 1 < f,(t) <1+1/3forallte[0,1]]and n=1,2, ...
(b) Prove that

Frsa(a) = Fal@)] < 5 5D [fal6) ~ Foa (1)
te[0,1]
for all x € [0,1] and for n = 1,2, ... . Hint: Show that |e=(*+9) —
e ?| < § for x > 0 and §0.
(c¢) Show that the sequence of functions { f,,} converges uniformly to some
function f € C([0,1]). Be sure to indicate any theorems that you use.



6. Let I be a closed interval in R, and let f be a differentiable real valued

10.

function on I, with f(I) C I. Suppose |f'(¢)] < 3/4 for all t € I. Let zo be
any point in I and define a sequence x,, by z,+1 = f(x,) for every n > 0.
Show that there exists z € I with f(z) = z and limz,, = x.

Let
Ty
fay) =4 P Hy
0 if 22 +y=0.

(a) Show that f has a directional derivative (in every direction) at (0,0),
and show that f is not continuous at (0, 0).

(b) Prove or provide a counterexample: If P, : R? — R? and P, : R? —
R? are any two functions such that P;(0,0) = (0,0) = P»(0,0), and
such that f o P; is differentiable at (0, 0), with nonvanishing derivative
at (0,0) for i = 1,2, then f o (P, + P,) is differentiable at (0, 0).

if 22 49 #0,

. Let B = {(x,y,2) € R® | 22 + 3% + 22 < 1} be the unit ball. Let v =

(v1,v2,v3) be a smooth vector field on B, which vanishes on the boundary
OB of B and satisfies

% Ova % =0, Y(z,y,z) € B.

div v(z,y,2) = o 8_y 5, =

Prove that
/ 2" v (z,y, z)dxdydz = 0, Yn=0,1,2,---,.
B

. Suppose that f:[0,1] — R is a continuous function on [0, 1] with

1

1

/f(:v)d:z: = /f(x)(w” + 2" ?)dx
0 0

foralln =0,1,2,.... Show that f =0.

Suppose that f : [0,1] — R has a continuous second derivative, f(0) =
f(1) =0, and f(x) > 0 for all z € (0,1). Prove that

/1W@)
0

f(=)

dx > 4.




Tier I Analysis Exam-August 2004

1. (A) Suppose A and B are nonempty, disjoint subsets of R” such
that A is compact and B is closed. Prove that there exists a pair of
points @ € A and b € B such that

veeA VyeB, |r—yl=la-0b].

Prove this fact from basic principles and results; do not simply cite
a similar or more general theorem. Here and in what follows, ||.]|
denotes the usual Euclidean norm: for = = (x1,29,...,2,) € R",
Izl = (af + 23 + -+ 27)12.

(B) Suppose that in problem (A) above, the assumption that the set
A is compact is replaced by the assumption that A is closed. Does the
result still hold? Justify your answer with a proof or counterexample.

2. (A) Prove the following classic result of Cauchy: Supposer(1),r(2),
r(3),... is a monotonically decreasing sequence of positive numbers.
Then ;2 r(k) < oo if and only if Y7 2"r(2") < occ.

(B) Use the result in part (A) to prove the following theorem: Sup-
pose ay,as,as, ... is a monotonically decreasing sequence of positive
numbers such that >~ a, = co. For each n > 1, define the positive
number ¢, = min{a,, 1/n}. Then > >~ ¢, = cc.

3. Suppose g : [0,00) — [0,1] is a continuous, monotonically in-
creasing function such that g(0) = 0 and lim, .- g(z) = 1.

Suppose that for each n =1,2,3,..., f, : [0,00) — [0, 1] is a mono-
tonically increasing (but not necessarily continuous) function. Suppose
that for all € [0,00), lim, o fn(x) = g(x). Prove that f, — ¢ uni-
formly on [0, 00) as n — oo.



4. Let v € R3 and let f(z) € CY(R3). Further let n = z/||z| for
x # 0. Show that the surface integral

I = x)dS,
/” L@

can be expressed in the form of a volume integral
2

1:/”36”<1 (W (a:)+n-Vf(:c)) dz.

Hint: Write the integrand in I as n - (nf).

5. Let xg € R and consider the sequence defined by
Tpt1 = cos(zy) (n=0,1,...)

Prove that {x,} converges for arbitrary .

6. Let a > 0 and consider the integral

o0 671'
J, = / dzx .
o l+ax
Show that there is a constant ¢ such that

al/zJa <ec.

7. Consider the infinite series
Z Xn(2)Ta(t)
n=1

where (z, t) varies over a rectangle Q = [a,b] x [0, 7] in R% Assume
that

(i) The series Y~ X, () converges uniformly with respect to = €
[a, b];

(ii) There exists a positive constant ¢ such that |7,,(t)| < ¢ for every
positive integer n and every t € [0, 7];

(iii) For every t such that ¢ € [0, 7], T1(t) < To(t) < T3(t) < ...
Prove that > > | X,,(2)T,(t) converges uniformly with respect to both
variables together on (2.

Hint: Let Sy = Y20, X,(2)T,(t), sy = S0 X,.(z). Form > n
find an expression for S,, — S, involving (sy — s,) for an appropriate
range of values of k.



3

8. Let v(x) € C*°(R) and assume that for each 7 in a neighborhood
of the origin there exists a function wu(z,v,v) which is C* in z such
that

ya—x(u +v) =sin(u —v).
Assuming that
u:u0+7u1+72u2+73u3+...

where uy(0) = v(0) and for all n the w,’s are functions of v but are
independent of v, find ug, uy, us and us.

9. All partial derivatives ™™ f/dz™0y" of a function f : R?* — R
exist everywhere. Does it imply that f is continuous? Prove or give a
counterexample.

10. Decide whether the two equations
sin(z + z) + In(yz?) = 0, et +yz =0,

implicitly define (z,y) near (1,1) as a function of z near —1.



Tier I exam in analysis - January 2005

Solve all problems. Justify your answers in detail. The exam’s duration is 3 hours

1. Define
S=A{(z,y,2) e B, 2?+2y*+322 =1}, f(r,y,2)=a+y+z

a. Prove that S is a compact set.
b. Find the maximum and minimum of f on S.
2. Let g : [0,1] x [0,1] — R be a continuous function, and define functions f, :

[0,1] — R by

1
@)= [ geyydy we01n=1.2...

Show that the sequence (f,,)>2, has a subsequence which converges uniformly on
[0, 1].

3. Consider the subset H = {(a, b, c,d, e)} of R® such that the polynomial
art + bz + cx® +dov + e

has at least one real root.
a. Prove that (1,2,—4,3,—2) is an interior point of H

b. Find a point in H that is not an interior point. Justify your claim.

4. Consider a twice differentiable function f : R — R, a number a € R, and h > 0.
Show that there exists a point ¢ € R such that

fla) —2f(a+h)+ f(a+2n) = h2f"(c).

5. Prove or give a counterexample: If f(z) is differentiable for every z € R, and if
f'(0) = 1, then there exists 6 > 0 such that f(x) is increasing on (—4,4).



6. Let f(z) be a bounded function on (0, 2). Suppose that for every z,y € (0,2), = #
y, there exists z € (0,2) such that

a. Show that f need not be a differentiable function.

b. Suppose that such a z can always be found between z and y. Show that f is
twice differentiable.

7. Consider the torus
T ={x=(a+rsinu)cosv, y= (a+rsinu)sinv, z=rcosu,
0<r<b 0<u<2m0<v<2r}
where a > b. Find the volume and surface area of T

8. Let €2 be a bounded subset of R", and f : {2 — R" a uniformly continuous function.
Show that f must be bounded.



Outline of Solutions:

1. a. It suffices to show that S is closed and bounded. Closeness follows since
S = {h7Y(1)}, for a continuous function h. Boundedness follows since clearly S is
contained in the cube [—1,1]3.

b. Both maximum and minimum are obtained at internal points on S, and can

therefore be found by the Lagrange method. The Lagrange equations imply at
once that A # 0, and % = x = 2y = 3z. Solving from S we find that the maximal

value is 1/11/6, and the minimal value is its negative.

2. fn.(0) =0, and the functions f,, are equicontinuous because
[fu(w) = ful@)] < suplg(z,y) — g(+' )],

and this quantity tends to zero as |z — 2’| — 0 by the continuity of g. This
Arzela-Ascoli applies.

3. Write the polynomial 2* + 223 — 422 + 32 — 2. Obviously z = 1 is a root, so the
triplet is indeed in H.

Define the function F(a,b,c,d,e, f,z) = az* + bx® + cx®> + ed + f. Clearly
F(1,2,-4,3,—-2,1) = 0, while F, = 5 #= 0 at that point. Therefore there
exists an open neighborhood U of (1,2, —4, 3, —2) and a C* function g such that
for all points (a, b, c,d,e) in U we have F(a,b,c,d, e, g(a,b,c,d e)) = 0.

Clearly (0,0,1,0,0) is in H. But the the points (0,0, 1,0, 4?) are not in the set
for 1 # 0 (Since 22 + p? has no real root).

4. Apply the mean-value theorem to the function F(x) = f(z + h) — f(x) to get
fla) —2f(a+h)+ f(a+2h) = F(a+ h) — F(a) = hF'(d) = h(f'(d+ h) — f'(d))
for some d, then apply MVT again to the right-hand side.

5. Counterexmaple - f(x) = z + 22?sin(1/x).

6. a. Let f=zfor0<xr<1l,and f=1for 1 <z <2
Since f is bounded, lim, ., f(y) = f(z). Furthermore, limx%,M = f(y).

T—y
Therefore f is differentiable. Also, the last identity implies f = f, thus f(z) =

ce®.

7. The Jacobian is given by J = r(a+sinu), and hence V = 272%ab?. Observing that
the boundary is given by r = b, a simple computation gives ||N|| = ||T, x T,|| =
b(a+ bsinu). Therefore S = 4w2ab. Of course, it is also possible to solve with the
slice method.

8. Choose § > 0 such that |f(x) — f(y)| < 1 whenever |z — y| < §. Assume that f is
not bounded, and choose z;, € Q such that | f(xgy1)| > |f(xx)|+1 for all k. Observe
that |f(x;) — f(zx)| > 1 whenever j # k. However, by Bolzano-Weierstrass, we
must have |x; — x| < 6 for some j # k, which gives a contradiction.
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Justify your answers. All problems carry equal weight.

1. Let p > 0. Evaluate

I 1P 4+3°+...+(2n—1)
nl»ngo np-l-l N
2. For z > 0, define
' 0 if «isirrational
$(z) = { L 5f z=Et
q q
where p, ¢ have no common factor and ¢ > 1.

(a) Where is ¢ continuous?
(b) Where is ¢ differentiable?

3. Let a,b be real with |b] > max{1,|a]}. For z € R, define

o0

oy 320

n=1
(a) Show that f is uniformly continuous on all of R.
(b) Let
v={(zy):y=f(z), 0<z<1}
be the graph of f over the unit interval. Show that ~ has finite length.
4. Let M, denote the set of 2-by-2 matrices with real entries, and for A € My,

define S(A) = A2%. Does the mapping S : My — M have a local inverse near
the identity matrix?

5. Fix a > 0. Let 1, . .., T» be non-negative numbers with
n
Z:L‘,‘ =na
i=1
Show that

1
Zzizj < in(n - 1a’
1<y

Please turn over.



. Let p be real. Suppose f : R* — {0} — R is continuously differentiable, and
satisfies
f(Az) = W f(z), for all #0 and forall A>0.

Let Vf(z) denote the gradient of f at = and - the Euclidean inner product.
Prove that

z-Vf(z) = pf(z), = #0.

. A family F of continuous real-valued functions of a real variable is called
equicontinuous at T if for every € > 0, there is a § > 0 such that for every
feF,

e —yl<é=Ifm) - fWl<e

F is called equicontinuous on the set E if it is equicontinuous at each point =
of E. (Note: the constant é may depend on both € and x.)

Now suppose F is a family of continuous real-valued functions defined on an
open interval I C R, and let z¢ € 1.
(a) Suppose F is equicontinuous at every point of I'\ {zo}. Must F also be
equicontinuous at xp?
(b) Suppose F is equicontinuous at xp. Must F also be equicontinuous at

every point in some neighborhood J of z¢?

. Let U be an open subset of R® and f : U — R" be differentiable. Suppose
there exists C > 0 such that

[f(2) — FW)l = Clz — 9l

for all z,y € U. Let df(z) denote the Jacobian derivative of f at x (that is,
the linear mapping given by the n by n matrix of partial derivatives). Show
that detdf(z) # 0 forall z € U.

. Let m > 0 be a real number, let r = (z® +y* + 2%)1/2, and consider the vector
field on R3 given by F = 1™ - (z,y,2) = (z2 + y* + 2)™ 2%z, y, 2).

{a) Compute the divergence div(F).

(b) Using part (a) and the Divergence Theorem, calculate

///Bar'"dv

where B® = {(z,y,2) : r < 1} is the closed unit ball centered at the
origin and dV = dz dy dz is the Euclidean volume.

End of exam.
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All questions are worth 10 points. In question 7, each part is worth 5 points.

1. Show that the function given by

_Ja?sin(l/z) z#0
ﬂm~{0 o

is differentiable for all z € R, but not continuously differentiable at
z=0.

2. Let {f,} be the sequence of functions given by

folz) = nze™".

Prove that {f,} converges to 0 pointwise but not uniformly on the
interval [0,1] as n — oo.

3. Let n be a positive integer and define f on [0,00) by f(z) = {/z. Give
a direct €, 6 proof that f is continuous on [0, 00).

4. Associating any 2 x 2 real matrix (a;;) with a point (a1, ai2, @21, @22)
R*, prove that the set of all invertible, real matrices is not a connected
set in R*.

5. Define a sequence {r,} by ro = 1, and rpy1 = (2/3)rn + 1 for n > 0.
Let the sequence {c,} be defined by ¢y = 1/4, and

. 'rn+1\/a

Cnt1 = 3

for n > 0. Prove that

lim ¢, exists
N~>00

and determine what the limit is.

Hint: First argue that {r,} converges.

6. Do there exist continuous functions f(z,y) and g(z,y) in a neighbor-
hood of (0, 1) such that f(0,1) =1 and g(0,1) = —1 and such that

[f(a?,y)]3 +zg(z,y) —y =0,
[9(z,9)]* +yf(z,9) —z=07

Justify your answer.



7.

10.

Let ¢ > 0 and a positive integer n be given. Let ' C Z X Z be defined
by F={(,j):1<i<j<n}andlet F be any subset of F. Then
define a real-valued function Gg. on R™ by

Gp(Tr,..., %) = (n+ G)Z:sin2 T; — Z (z; — ;).
=1

(i,4)€E

a. Take n = 3 and FE = F. Show that G, has a local minimum at the
origin.

b. For arbitrary positive integer n and E any subset of F', show that
GE, has a local minimum at the origin.

Let D C R? be an arbitrary bounded open set with C* boundary whose
perimeter P is finite. Let f : R? — R be a given C! function satisfying
the condition

|f(z,y)| <1 forall(x,y) € D.

Establish the inequality

\//D (89_5(3”73/) dmdy‘ <P

Suppose K > 0, and F : R? — R? is a differentiable mapping with
|0F,/0z;| < K at every point, for every 1 <1i,j < 2. Show that there
exists C' > 0 such that F' satisfies the Lipschitz condition

IF(p) - F(@) <Cllp—qll forallp,geR®.
Here ||p — g|| denotes the usual Euclidean distance between p and ¢ in
R2.
A family F of functions is said to be uniformly equicontinuous if for
every € > 0 there is a & > 0 such that for every g € F,

|z — 5] <6 = |g(z1) — g(z2)| <€

Note: & does not depend on g or x; or zo. Now suppose that f :
R x [0,1] — R is a bounded continuous function. For each y € [0,1],
define g, : R — R by g,(z) = f(z,y). Suppose that for each y we know
that

lim g,(x) =0= lim g,(z).

Must any such family F := {g, : 0 < y < 1} be uniformly equicontinu-
ous? If so, prove it. If not, provide a counter-example.
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. Let f: ACR" — R™ be a function.

(1) Prove that if f is uniformly continuous, and if {px} is a Cauchy sequence in A,
then {f(pi)} is a Cauchy sequence in R™.

{2) Give an example of continuous f and a Cauchy sequence {pi} in some A (you
may take n = m = 1) for which {f(p«)} is not a Cauchy sequence.

. Let f: {(a,b) C R — R be a continuous function. Assume f is differentiable everywhere

in (@, b), except possibly at a point ¢. Show that, if lim f/(z) exists and is equal to L,

then f is differentiable at ¢ and f'{¢) = L.

. Let g : R* — R be a C' function with g(,%) =3, 2(,2) = 1, and g%(%, 3y = .~4,
where (r, s} are the coordinates for the R?, Define f : R® — R by
gt Y
f(ﬂf,y,Z) 79(2” Z) 1

for z # 0. Show that the level surface f~'(3) has a tangent plane at the point (1,2,3)
and find a linear equation for it.

. For which positive integers &k does the series

f: sin{nr/k)

n
n=1

converge? Justify your answer with a proof.

. Let f: R — R be a continuous function. Let z € R and define the sequence {z,}

inductively by setting zo = x and Zn41 = f(z»). Suppose that {z.} is bounded. Prove
that there exists y € R such that f{y) = y.

. Decide whether or not the function f :{0,1] x {0, 1] — R defined by

o fzgQandy=2eQ
flz,y) = g, ifngandngieQ
0, if(z,y)eQxQor(z,y) eR\QxR\Q
is Riemann integrable on [0, 1] x [0, 1]. Prove your decision from the definition without

invoking any theorems about integrable functions. (Here all fractions g are assumed
to be reduced.)



10.

. Let f: R® — R be a C? function (i.e. f has continuous second order partial deriva-

tives). Suppose py € R™ is a critical point of f. If

2
det, [ ai (,;;j (po)J 40

show that po is isolated, i.e. there is a neighborhood of py in which p, is the only
critical point of f.

Prove that > 25 converges pointwise but not uniformly on R. Let f(z) = Y T
n=1 n=1
Is it true that the Riemann integral fﬂl f@)de =Y fﬂl Traazdzr? Justify.
n=1
Let {a,} be a sequence. Show that

ay .
limsup - < limsup (@, —an_y) .

—00 n—o0

Let @ C B3 be any solid rectangular box with one vertex at the origin. Show that

X-n T
— 45 = —.
faq xF “ 72

Here f1 is the unit outer normal on 9Q and 45 is the area element. (You should notice
that this integral is not an improper integral.)
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Notations: R denotes the n-dimensional Euclidean space with the standard scalar
(inner) product (z,y) = > Ty and the Euclidean norm |z| = \/(z, ).

k=1

1. Use £—4 notation to state the condition that a function f : R — Ris not continuous
on R.

1 A
2. For A > 0 consider the sequence z,41 = 3 (:En + ——) (n=12,.. ) with z; > 0.

Show that {z,} converges and find its limit.

n

3. Let Q@ =[0,1] x [0,1] C R? and
X={feC@:|fx) - fl<le—yl Yazye[fO)]<1}
where C(€2) denotes the space of continuous functions f from Q to R (both with
standard, Euclidean topologies), with sup-norm || f|| := sup |f(z)|]. Show that X
Xeq

is a sequentially compact subset of C(Q2), i.e., every sequence {fu}, fn€ X, has a
convergent subsequence f,. converging to fo in X in the sup-norm topology.

o
4. Let Y a, be a convergent series with nonnegative terms, and S be its sum. For
n=>0

f(z)= io: a,xz™ show that lim f(z)=S.

n=0 r—+1-

5. Let f: R — R be a differentiable function, and lim f'(z) = —oo, lim fl(x) =
T——00

T—+00

+00. Show that for any A € R there exists a € R such that f'(a) = A.
Warning: f'(x) may not be continuous.



6. Consider the function \

K(t,z) = st re T
defined for all z € R and t > 0. Clearly, K(t,0) = 0 for t > 0. Show that
K(t,z) - 0ast — 0+ for any fixed z. Can you define K at (0,0) to make it

continuous there?

7. Calculate

//cos(m-*—zy)dxdy,
D —zT+Y

where D is the triangular region in R? having vertices (0,0), (=2, 4),(-3,3).

8. A soap film bubble blown from a circular hoop describes an undetermined region
Q ¢ {(z,y,2) € R®: y < 0} having three-dimensional volume equal to 10. Let S
denote that portion of 92 comprised of the soap film (it does not include the unit
disk D in the z,z—plane). Suppose a force field F = (2%,3y + 5,2%) is applied.
Find |, F -n dA, where n is the outward pointing normal on 92, and dA is the
surface element.




9. Let f: R — R be continuous and f(z) =0 if |z| > 1.

a) Show that the improper integral

o) = [ Ao

|z — vl

converges for all y € R, and g(y) is continuous.

b) Show that, if additionally f is continuously differentiable, then so is g and

P

10. Let f : R*» — R" be a continuously differentiable map and df, : R* — R" be its
differential at a € R™. Suppose that df, is positive at any a € R", in the sense
that (df,(z),z) > 0 for all a € R", and z € R* — {0}.

Prove that f is injective

Hint: For a € R* — {0} consider g : R — R" defined by g(t) = f(ta). Find ¢'(t)
and show that f(a) # f(0).
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Define f : R? — R by setting

Ul T
f(z,y) = 2R
for (z,y) # (0,0) and f(0,0) = 0. Show that is differentiable
at all points (z,y) € R? except (0,0). Show that f is not
differentiable at (0,0).

Given A\ € R, define hy : R*> — R by
ha(z,y) = —a* + 2% + y* + X-sin(z-y).

For which values of A does hy have a local minimum at (0,0)?
Justify your answer.

Let v C R? be the simple closed curve described in polar coor-
dinates by r = cos(26) where 0 € [—m/4,7/4]. Suppose that v
is positively oriented. Compute the line integral

/3ydm + z dy.

.
Provide the details of your computation.

Let X be a metric space such that d(z,y) < 1 forevery z,y € X,
and let f : X — R be a uniformly continuous function. Does
it follow that f must be bounded? Justify your answer with
either a proof or a counterexample.

Let
flz,y) = (x+e* 1, sin(a® +y)),
and let
h(z,y) = (1+z)° — e".
Show that there exists a continuously differentiable function
g(x,y) defined in a neighborhood of (0,0) such that ¢(0,0) =0
and g o f = h. Compute 2—5(0,0).
1
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Let ¢q,cq,... be an infinite sequence of distinct points in the
interval [0, 1]. Define f : [0,1] — R by setting f(z) = 1/n if
x = ¢, and f(z) = 0 if o ¢ {¢,}. State the definition of a
Riemann integrable function, and directly use this definition to

show that )
| fa) ds
0

exists.

Show that the formula

oo

1 e, n
g(l’) _ Zﬁ efo tsin( %) dt
n=1

defines a function g : R — R. Prove that ¢ is continuously
differentiable.

Consider an unbounded sequence 0 < a1 < ay < ---, and set
logn

s = lim Sup 7 .
n—oo og anp

Show that the series

n=1

converges for ¢ > s and diverges for t < s.

Define a sequence {a,} by setting a; = 1/2 and a,,11 = /1 — a,
for n > 2. Does the sequence a,, converge? If so, what is the
limit? Justify your answer with a proof.



Tier 1 Analysis Exam
January 2008

. Give an example of a function f : [0,0c) — R that satisfics the three conditions:

(i) f(z) > 0 for all z > 0,
(i) for every M > 0, sup,., f(z) = o0
(i) [5° f(x) da < oo,

?

or elsc prove that no such function exists.

. Determine whether the series

> 1
Z In (n sin —>
n=1 n

is convergent (conditionally or absolutely) or divergent.

. Let S be a closed, nonempty subset of R" that is convex in the sense that if ¢; and
@2 are any two points in S, then Agy + (1 — A)gz € S for all A € (0,1). Given any
p € R\ S, let

m = int{|lp — ¢}

where [|-|| denotes the usual Euclidean norm. Prove that there exists exactly one point
g € S that achieves this infimum.

. Define f : R? — R by

2
_ "y
f(x,y)_12+q2

for (z,y) # (0,0), and £(0,0) = 0. Notice that f is C* on R?\ {(0,0)}.

(i) Show that f is continuous at (0, 0).

(ii) Show that all the directional derivatives of f at (0,0) exist by calculating the
directional derivative of f at (0,0) in the direction V, for any given unit vector
V' = (cosf,sinf). (Recall that the directional derivative of f at a point p in direc-
tion V is by definition, %‘t:o flp+tV).)

(iii) Show that f is not differentiable at (0, 0).

. Let f = (fi1, f2) : R* — R? be continuously differentiable, and assume that the 2 x 2
matrix Df(z) = (%ﬁ(x)) is invertible for all 2 € R®. Assume moreover that, for any
7



10.

compact set K C R?, f~}(K) is compact. Prove that f is onto.

. Let f be a continuous function on [0, 00) such that 0 < f(z) < Cz~!7° for all z > 0,

and for some constants C, p > 0. Let fy(x) = kf(kx).

(i) Show that limy_. fi(z) = 0 for any © > 0 and that the convergence is uniform on
[r,oc) for any r > 0.

(ii) Show that fi does not converge to zcro uniformly on (0, 00), unless f is identi-
cally 0.

. Let f and f; be defined as in the previous problem.

(i) Show that the limit limy_o, f, fi(z)de exists.

(ii) Denote by a the limit in (i). Show that lim;_ . fol fe(@)g(z)dz = ag(0) for any
Riemann integrable function g on [0, 1] that is continuous at 0.

(Note: The result of the previous problem is not necessarily needed for solving this
problem.)

. Let f:[0,1] — R be a differentiable function such that |f'(z)| < M for all « € (0,1).

Show that, for any positive intcger n

| r@ac- 23 i) <A
0 k=1

n

. Consider the quartic equation with real coefficients

at + aoxg + a1$2 +2ax +ay3 =0,
Show that there exists ¢ > 0 such that if |a; — 1] < §, i = 0, 1,2, 3, then the equation

above has a real solution which depends smoothly on the a;’s.

Compute the line integral

/mdy—ydm
Jo 2r+y?

where ' is a simple closed C' curve around the origin of the zy-plane, and oriented
counterclockwise.
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Do all 10 problems; they all count equally.

Problem 1. Suppose that Iy, ..., I, are disjoint closed subinter-
vals of R. If f is uniformly continuous on each of the intervals, prove
that f is uniformly continuous on (J;_, ;.

Does this still hold if the intervals are open?

Problem 2.  Suppose that f is a continuous function from [0, 1]
into R and that fol f(z)dx =0.

Prove that there is at least one point, o, in [0, 1], where f(x¢) = 0.

Does this still hold if f is Riemann integrable but not continuous?

Problem 3.  Suppose that f is a continuous function from [a, b]
into R which has the property that, for any point = € [a,b], there is
another point a’ € [a, b] such that |f(z)] < |f(x)]/2.

Prove that there exists a point zg € [a,b] where f vanishes, that is,

f(xo) = 0.

Problem 4. Define f : R? — R? and ¢ : R? — R? by

flz,y) = (sin(y) —z,¢" —y), g(z.y) = (vy,2° + 7).
Compute (g o f)'(0,0).

Problem 5. Prove that there exists a positive number 6, such
that the following holds: For each 6 € [0, 6], there exist real numbers
x and y (with zy > —1) such that

20 +y + ™ = cos(0®), and log(1+ zy) + sin(z + y°) = V0.

(Hint: First evaluate the left side of each of these two equations for
r=y=0.)

Problem 6. If Y~ ja, and >~ b, are absolutely convergent
series of real numbers it is well-known that their Cauchy product series
> o Cn also converges, where

c, = agb, + aib,_1 +---+agb,, n=0,1,....

Show that this assertion is no longer true if > ° ja, and Y > b,
are merely conditionally convergent.



Problem 7. (a.) Let C be the line segment joining the points
(1,91) and (z9,ys) in R2.

Prove that [,z dy —ydx = z1y2 — 2291

(b.) Suppose further that (z1,41),..., (s, yn) are vertices of a poly-
gon in R?, in counterclockwise order.

Prove that the area of the polygon is equal to

(1Yo — 2oy1) + (Toys — 23y2) + -+ - + (Tl — T1Yn)] -

DO | —

Problem 8. Prove that there exist a positive integer n and real
numbers ag, ay, ..., a, such that

’(Zn: =) e (Siri/(?ﬂ < 107 forall z € [1,00).

Problem 9.  Prove that the series )~ , n~* can be differentiated
term by term on its interval of convergence.

Problem 10. Suppose that, for each positive integer n,
fn:[0,1] = R

is a continuous function that satisfies f,,(0) = 0 and has a continuous
derivative f! on (0, 1) such that |f/ (z)| < 9000 for all z € (0,1).

Prove that there exists a subsequence f,,, fn,, fns, - - . such that the
following holds:

For every Riemann integrable function ¢ : [0, 1] — R, there exists a
real number L (which may depend on the function ¢) such that
1

lim 9(x) fo,(x)de = L.

k—o0

(Note. You may take for granted and freely use standard basic facts
about Riemann integrals, including, e.g. the fact that a Riemann in-
tegrable function is bounded, and that linear combinations, products,
and absolute values of Riemann integrable functions are Riemann in-
tegrable.)
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Try to work all questions. They all are worth the same amount.

1. Assume f and g are uniformly continuous functions from R! — R!. If both f and g
are also bounded, show that fg is also uniformly continuous. Then give an example to
show that in general, if f and g are both uniformly continuous but not both bounded,
then the product is not necessarily uniformly continuous. (Verify clearly that your

counter-example is not uniformly continuous.)

2. Suppose f : R — R and ¢ : R — R are C? functions, h : R? — R is a C! function and

assume
f(0) =g(0) =0, f(0) =g'(0) = h(0,0) = 1.
Show that the function H : R? — R given by

f@) ra(y) 1
H(z,y) ::/0 /0 h(s,t)dsdt + §$2+by2

has a local minimum at the origin provided that b > % while it has a saddle at the origin

if b< 3.

3. Let H = {(x,y,2) |z > 0 and 2% + 4*> + 2 = R?}, i.e. the upper hemisphere of the
sphere of radius R centered at 0 in R3. Let F': R® — R3 be the vector field

Floy,2) = {x2(y2 =), wzyt eyt by, 2Py(yPe 4 3)2 + e*f“?f}

Find / F -1 dS where n is the outward (upward) pointing unit surface normal and dS
H

is the area element.

4. Let D be the square with vertices (2,2), (3,3), (2,4), (1,3). Calculate the improper

/ /D In(y? — o?)dady

integral



5. Suppose f : R? — R! is a C* function with the property that at some point (zg,yo) € R?
all of the first and second order partial derivatives of f vanish. Suppose also that at
least one partial derivative of third order does not vanish at (z¢,yo). Prove that f can

have neither a local maximum nor a local minimum at this critical point.

na
1+ n2log?(n)a?

0
6. Prove that the series Z converges uniformly on [e, 00) for any ¢ > 0.
n=1

7. Suppose that f: R3 — R is of class C!, that £(0,0,0) = 0, and

f2(07070) 7é 07 f3<0707 0) 7£ 0’ and f2(07070> + f3(0’070) 7é —1

where fj = %. Show that the system

[z, f(z1, 22, 23), 23) = 0

f(xhx% f(xhx%xi%)) =0

defines C! functions x9 = ¢(x1), and z3 = (1) for z; in a neighborhood of 0 satisfying

[y, f(z1, (1), 9(21)), 9 (1)) =0
f(w1, 0(z1), f(z1, 0(x1),¥(21))) = 0.

8. For each b € [1,¢], consider the sequence of real numbers governed by the recurrence

relation

b

an AL AL
an“:(\%) forn=0,1,2... with ag = Vb i.c. {\%,\% b,\% ' ,\% ’ yee )

Show that this sequence converges and find the limit.



9. For each positive integer n, define z,, : [-1,1] — R by

;

—1 if —1<t<—1/n

To(t) =Snt if —1/n<t<1/n

1 ifl/n<t<1

\

(a) Show that {z,} is a Cauchy sequence in the metric space (C([—1,1]),d), where

C([—1,1]) denotes the set of continuous functions defined on [—1,1] and d denotes the

metric given by

d(z,y) = / Jolt) = y(t)] dr-

(b) Show that (C([—1,1]),d) is not complete.



Tier 1 Analysis Exam
August, 2009

Show all work, and justify all answers.
This exam has 9 problems.

R will denote the real numbers, and || - || will denote the usual Euclidean norm.

1. Define the statement: “f : R? — R is differentiable at (0,0),” and show that the
function f(z,y) = z|y|2 is differentiable at (0,0).

2. Show that the series

1 1 n .1
2sm3—x—|—4sm9—x—i—~-~+2 Sln?)n—x—i—~-~

converges absolutely for z # 0 but does not converge uniformly on any interval (0, €) with
e > 0.

3. Let V(n,r) be the volume of the ball {x € R™ : ||z|| < r}.
(a) Show that V(n,r) = ¢,r™ for some constant ¢,, depending only on n.
(b) Find lim,, . ¢y.

4. Suppose that x # 0. Show that

lim 1+ cos(x/n) + cos(2x/n) + - - - + cos((n — 1)x/n) _ sin(z)

n—oo n €T

5. Let X = {x = (z1, 72,23, 24) € R*: 22 + 23 + 22 — 22 = 2, and 21 + 22 + 23 + 24 = 2}.
For which points p € X is it possible to find a product of open intervals V = I x I, x I3 X I,
containing p such that X NV is the graph of a function expressing some of the variables x1,
X9, T3, T4 in terms of the others? If there are any points in X where this is not possible,
explain why not.



6. Let a and b be two points of R?. Let o, : [0,1] — R? be a sequence of continuously
differentiable constant speed curves with ||o] (t)|| = L, for all ¢t € [0,1] and 0,(0) = a
and 0,(1) = b for all n. Suppose that lim, . L, = ||b — a||. Show that o,, converges
uniformly to o, where o(t) = a + t(b — a) for ¢t € [0, 1].

7. Let f : R — R be a function; and let its n-th derivative, denoted f(™, exist for all n.
Suppose that the sequence f(™), n =1,2,3,... converges uniformly on compact subsets to
a function g. Show that there is a constant ¢ such that g(z) = ce”.

8 Let M = {(z,y,2) eR3:y=9—2% 9y >0, and 0 < 2 < 1}. Orient M so that the unit

normal 77 is in the positive y-direction along the line z = 0,y = 3. Let F be the vector

field on R3 given by F = (223yz, y + 32°y%2, —62%y2?).

(a) What is div F?

(b) Use the Divergence Theorem to express the flux of F across M (that is, Jos F.ids,
where dS is the surface area element) in terms of some other (easier) integrals.

(c) Calculate [, F - iidS by evaluating the integrals in part (b).

9. Let (X,d) be a compact metric space. Suppose that A : X — Y C X is a map which
preserves d, or in other words, d(h(x1), h(z2)) = d(x1,x2) for all z1,z2 € X. Show that
Y =X.



Department of Mathematics—Tier 1 Analysis Examination
January 7, 2010

Notation: In problems 2, 3, and 9 the notation V f denotes the n—tuple of first-order partial derivatives of
a function f mapping an open set in R"™ into R.

1.

Let E be a closed and bounded set in R™ and let f : E — R. Suppose that for each = € F there are
positive numbers r and M depending on x such that f(y) > —M for all y € E satisfying |y — x| < r.
Prove that there is a positive number M such that f(y) > —M for all y € E.

Let V be a convex open set in R?and let f : V — R be continuously differentiable in V. Show that if
there is a positive number M such that |V f(z)| < M for all € V, then there is a a positive number L
such that

|f(z) = f(y)| < Llz —y|
for all z,y € V.
Is this result still true if V' is instead assumed to be open and connected? Prove or disprove with a
counterexample.

Let f be a C? mapping of a neighborhood of a point 2y € R™ into R. Assume that g is a critical point
of f and that the second derivative matrix f”(xq) is positive definite. Prove that there is a neighborhood
V of xy such that zero is an interior point of the set {Vf(y) : y € V}}.

Suppose that F and G are differentiable maps of a neighborhood V of a point o € R™ into R and that
F(z9) = G(zp). Next let f: V — R and suppose that F(z) < f(z) < G(z) for all x € V. Prove that f
is differentiable at = = xg.

Let {gx}32, be a sequence of continuous real-valued functions on [0, 1]. Assume that there is a number
M such that |gx(x)| < M for every k and every x € [0, 1] and also that there is a continuous real-valued
function g on [0, 1] such that

/0 gr(z)p(z)d —>/0 g(z)p(z)dx as k — oo

for every polynomial p. Prove that |g(z)] < M for every x € [0, 1] and that

/0 (o) (@) / (o) fx)da

for every continuous f.
Let {ay} be a sequence of positive numbers converging to a positive number a. Prove that (ajas - - - ay)'/*

also converges to a.

1 - k
C te 1i ly li in(—)].
ompute rigorousty nl_)rr;o [n + \/ﬁ kZ:l Sin (n>‘|

Let {a;}?2, be a sequence of numbers satisfying |ax| < k2/2* for all k and let f : [0,1] x R — R be
continuous. Prove that the following limit exists:

n—oo

1 n
lim f(x,Zakxk)dx .
0 k=1

Let g : R? — (0,00) be C? and define ¥ C R3 by ¥ = {(21, 22, g(z1,72)) : 23 +23 < 1}. Assume that &
is contained in the ball B of radius R centered at the origin in R® and that each ray through the origin
intersects ¥ at most once. Let E be the set of points x € 0B such that the ray joining the origin to x
intersects X exactly once. Derive an equation relating the area of E, R, and the integral

/ VI (z) - N(x)dS
b

where I'(z) = 1/|z|, N(x) is a unit normal vector on ¥, and dS represents surface area.



Tier I Analysis Exam
August, 2010

e Be sure to fully justify all answers.
e Scoring: FEach one of the 10 problems is worth 10 points.

e Please write on only one side of each sheet of paper. Begin each problem
on a new sheet, and be sure to write a problem number on each sheet of
paper.

e Please be sure that you assemble your test with the problems presented in correct
order.

(1) Let A and B be bounded sets of positive real numbers and let AB = {ab|a € A,b € B}.
Prove that sup AB = (sup A)(sup B).

(2) A function f: R — R is called proper if f~1(C) is compact for every compact set C.
Prove or give a counterexample: if f and g are continuous and proper, then the product

fg is proper.

(3) (a) Prove or give a counterexample: If f: R — R is a differentiable function and
f(x) > 22 for all , then given any M € R there is an zo such that |f/(xq)| > M.

(b) Prove or give a counterexample: If f: R? — R? is a differentiable function and
I1f(z,y)|| > ||(x,y)||? for all (z,y), then given any M € R there is an (g, yo) € R?
such that | det(D f(zo,%0))| > M.

(4) Suppose that {f,} is a sequence of continuous functions defined on the interval [0, 1]
converging uniformly to a function fy. Let {z,} be a sequence of points converging to
a point zo with the property that for each n, f,(z,) > fo(x) for all x € [0,1]. Prove
that fo(zo) > fo(z) for all € [0,1].

(5) Let f be continuous at x = 0, and assume

fim G2 = f@)
z—0 x

Prove that f(0) exists and f/(0) = L.

(6) Let R = {(z,y) | 0 < z, 5|y| < 3|z|, 22 — y? < 1}, a compact region in R2. For
some region S C R?, the function F': S — R given by F(r,d) = (rcosh,rsinh6)
is one-to-one and onto. Determine S and use this change of variable to compute the

integral
// dx dy
rl+a?—y?

o 0

(Recall that coshf = ee*‘;ﬂg and sinh§ = £=¢—.)




(7) Let d(x) = minyeyz |x — n|, where Z is the set of all integers.

(a) Prove that f(z) => 7", d(igzx) is a continuous function on R.

(b) Compute explicitly the value of fol f(z)dz.

(8) Suppose f and ¢ are continuous real valued functions on R. Suppose ¢(z) = 0 whenever
|z| > 5, and suppose that [ p(z)dz = 1. Show that

li 1
1im —
h—0 h

| r@=we (%) = s

for all z € R.

(9) Let f(x,y,2) and g(z,y, z) be continuously differentiable functions defined on R3. Sup-
pose that f(0,0,0) = ¢(0,0,0) = 0. Also, assume that the gradients V f(0,0,0) and
Vg(0,0,0) are linearly independent. Show that for some ¢ > 0 there is a differentiable
curve v: (—e,¢) — R3 with nonvanishing derivative such that «(0) = (0,0,0) and
f(v(#)) = g(7(t)) = 0 for all t € (—¢,¢).

(10) Let S = {(z,y,2) € R® | 22442 < 1 and z = €”t%°}. So, S is that part of the
surface described by z = e +20% that lies inside the cylinder x2 +y? = 1. Let the path
C = 0S. Choose (specify) an orientation for C' and compute

/(—y3 + z2)dx + (yz + 23)dy + 22dz .
c



TIER 1 ANALYSIS EXAM, JANUARY 2011

e Solve the following 10 problems, justifying all answers.
e Write the solution of each problem on a separate, clearly identified page.

(1)

In this problem we use the notation

2l = /a2 + 23+ + a3

for the Euclidean norm of a vector x = (z1,z9,...,2,) € R Let f :
[0,1] — R™ be a continuous function. Show that

| / G dt\ <[ )t

a b
n n >

A sequence
4, = [

of real matrices is said to converge if the sequences (a,,)2% 1, (b,)52 1, (¢n)52 4,

n=1»
(dn)$2, converge. Fix a real matrix A = [ Ccl Z }, and define

_ 1 3 (_1>7l 2n+1
A, =A 3!14 +.”+(2n+1)!A , n>1

Show that the sequence (A,)52; converges. (The limit is denoted sin(A).)
Let f : R — R be a continuous function with the following property: for
every positive integer n, and every z,y € R such that |z| + |y| > n? and
|z —y| < 1/n?, we have |f(x) — f(y)| < 1/n. Show that f is uniformly
continuous.

Determine the area enclosed by the curve

c(t) = (3cost — cos(3t), 3sint — sin(3t)), ¢ € [0, 27].

You can take it for granted that this is a simple curve.
Determine the volume of the solid {(z,y,2) : Vo +/y+v2z < 1,2,y,2 > 0}.
Consider a differentiable, strictly decreasing function f : [0,1] — [0,1], and
let a € [0,1] satisfy f(a) = a. (There obviously exists exactly one such
point.) Assume that f’(a) < —1. Define a sequence (x,)%2, by setting
2o =0 and z,41 = f(z,) for n > 0. Show that the sequence (x,,)22, does
not converge.
Show that there exists a differentiable function f(z) defined in a neighbor-
hood of xy = v/2 such that z/(*) = f(z).
Given a sequence f, : [0,1] — [0,1] of continuous functions, define g, :
[0,1] — R by setting
1
n(t
gn(x) :/o (tig(;))l/:Sdt’ z € 10,1].
(Observe that this is an improper Riemann integral.) Show that the se-

quence (gn)nen has a uniformly convergent subsequence.
1



2

(9) A sequence (a,)5%, satisfies the inequality |>,_, ax| < /n for all n > 1.
Show that the series -
> T
k
k=1

converges.
(10) Show that there does not exist a sequence I, = [an,by],n = 1,2, of
nonempty, pairwise disjoint intervals such that (J,, I, = [0, 1]



Tier 1 Analysis Exam: August 2011

Do all nine problems. They all count equally. Show all computations.

1. Let (X,d) be a compact metric space. Let f : X — X be continuous. Fix a point
xo € X, and assume that d(f(x),xo) > 1 whenever z € X is such that d(x,z) = 1. Prove
that U \ f(U) is an open set in X, where U = {z € X : d(z,z¢) < 1}.

2. Let fi : [a,b] — R be a Riemann integrable function. Define the sequence of functions
fn:]a,b] = R by

fur () = / Cfa(tyde,

for each n > 1 and each z € [a,b]. Prove that the sequence of functions

gu(@) =) fu(2)

converges uniformly on [a, b].
3. Let f:R? — R be differentiable everywhere. Assume f(—+v/2, —v/2) = 0, and also that

0 .
o] < s+ )

| < feoste+ 2
for each (z,y) € R?\ {(0,0)}. Prove that
f(V2,v2)] <4

4. Let q1,¢2,... be an indexing of the rational numbers in the interval (0,1). Define the
function f(z): (0,1) — (0,1), by

flay=>_ 27

Jiqi<w
(Here the sum is over all positive integers j such that ¢; < x.)
a. Show that f is discontinuous at every rational number in (0, 1).

b. Show that f is continuous at every irrational number in (0, 1).



5. Show that the map ® : R? — R? given by

®(0,¢) = (sing - cosh, sing -sinb),
is invertible in a neighborhood of (g, ¢o) = (%, %) and find the partial derivatives of the
V6 V2

inverse at the point (7, %

6. Let A be a domain in R? whose boundary ~ is a smooth, positively oriented curve.

a. Find a particular pair of functions P : R> — R and @ : R> — R so that f7 Pdx + Qdy
equals the area of the domain A.

b. Let |A| be the area of A. Find a function R : R*> — R so that

1

— | Rdz + Rdy,
A /V

equals the average value of the square of the distance from the origin to a point of A.

7. Let C be a smooth simple closed curve that lies in the plane = + y + 2z = 1. Show that
the line integral

/ zdx — 2xdy + 3ydz
c

depends only on the orientation of C' and on the area of the region enclosed by C' but not
on the shape of C' or its location in the plane.

8. For each x = (1,9, 2) € R? define |x| = y/22 + 32 + 22. Consider
X
Fx)=—, x#0,A>0.
X
(i) Is there a value of A for which F' is divergence free?
(ii) Let E : R? — R? be defined by

_ Y
lyl?

where ¢ is a positive real number. Let S(x,a) denote the sphere of radius a > 0 centered at
x. Assume |x| # a. Compute
/ E-ndA
S(x,a)

where dA is the surface area element and n is the unit outward normal on S(x,a).

E(y)

9. Let z; € R. Define the sequence (x,,),>2 by

i

)
nZ

Tp+1 = Tn +

for each n > 1. Show that z,, is convergent.



Tier I Analysis

January 3, 2012

Solve all 10 problems, justifying all answers.
1. For (z,y) € R?, let

(222 — y)(y — 2?)]Y/*, for 2? < y < 22%;

0, otherwise.

fla,y) = {
Show that all directional derivatives of f exist at (0,0), but f is not dif-
ferentiable at (0,0).

2. Let (a,)52; be a monotonically decreasing sequence of positive real num-
bers and assume Y -, a, < co. Show that lim,_. na, = 0.

3. For (z,y) € R?, let f(z,y) = bz +zy> — 32%y. Find the critical points for
f, and for each critical point determine whether it is a local maximum,
local minimum or a saddle point.

4. Establish the convergence or divergence of the improper integral

/ sin(z?) dz.
0

5. Let (fn)52; and (g,)52; be sequences of functions from R to R. Assume
that

(a) the partial sums F,, =>_;_, fi are uniformly bounded,
(b) gn — 0 uniformly,
(¢) g1(z) > ga(x) > g3(x) > -+, for all z € R.

Prove that >~ | fngn converges uniformly. Hint: Use the fact that

q q—1
angn = ZFn(gn - gnJrl) + Fng - prlgp-
P P

(If you make use of this fact, you are required to prove it.)



6. Let
X = {(z1, 29, 3,24) € R : ai4a5+a3+x] = 64 and z1+xo+23+24 = 8}

For which points p € X is it possible to find a product of open intervals
V =1 x Is x I3 x I; containing p such that X NV is the graph of a
function expressing two of the variables z;,z2, x3, x4 in terms of the other
two? If there are any points in X where this is not possible, explain why
not.

7. Let F:R?\ {(0,0)} — R? be given by

Y e
O

and suppose for j = 1,2 we have one-to-one C! maps ~; : [0,1] — R2,
such that v;(0) = p and v;(1) = ¢ for some p,q € R? \ {(0,0)}. As-
sume furthermore that ~;(t) # (0,0) and v;(t) # 0 for all ¢ € [0, 1], and
71((0,1)) N42((0,1)) = 0. Carefully demonstrate that

/F~T1ds:/ F - Ty ds + 27k, for either k=0,10r —1,
T, 1)

where I'; := 7;([0,1]), T, denotes the unit tangent vector to 7v; and s is
the arc length parameter.

8. Suppose ¢ : R? — R is any C! function, and let g : R? \ {(0,0)} — R be
given by g(z,y) :=In (y/22 + y?). Prove that

lim (6Vg-n— gV -n) ds = 27¢(0,0),
e—0 9B,

where B, denotes the disk centered at (0,0) of radius € and n denotes the
outer unit normal to the circle 0B..

9. Let @ € (0,1]. A function f :[0,1] — R is defined to be a-Hélder contin-
uous if

[f(x) = f(Y)

|z —yl*

N.(f) ::sup{ :x,ye[O,l],x;«éy}<oo.

(a) Suppose (f)52, is a sequence of functions from [0, 1] to R such that
for all n = 1,2,... we have N,(fn) < 1 and |f,(2)] < 1 for all
x € [0,1]. Show that (f,,)22; has a uniformly convergent subsequence.

(b) Show that (a) is false if the condition “N4(f,) < 17 is replaced by
“N(x(fn) < OO.”



10. Assume f:R"™ — R is a continuous function such that

(a) there exist points o and z; € R™ with f(z9) =0 and f(z1) =3,

(b) there exist positive constants Cy and Cs such that f(x) > Ci|z| — Co
for all x € R™.

Let S:={z € R": f(z) < 2} and let K := {z € R" : f(x) < 1}. Define
the distance from K to 95 (the boundary of S) by the formula

dist(K,08) := inf —ql.
ist(K, 0S) pengeaslp ql

Prove that dist(K,8S5) > 0. Then give an example of a continuous function
f satisfying (a), but dist(K,95) = 0.



August 2012 Tier 1 Analysis Exam

e Be sure to fully justify all answers.

e Scoring: Each one of the 10 problems is worth 10 points.

e Please write on only one side of each sheet of paper. Begin each problem on a
new sheet, and be sure to write the problem number on each sheet of paper.

e Please be sure that you assemble your test with the problems presented in the
correct order.

1. Let .
fulw) = (@F —a®).

k=1

(a) Show that f, converges pointwise to a function f on [0, 1].
(b) Show that f,, does not converge uniformly to f on [0, 1].

3 _ qind
y> —sin®z |

CEYEe if (z,y) # (0,0) and f(0,0) =0.
(a) Compute the directional derivative of f at (0,0) for an arbitrary direction

(u,v).

(b) Determine whether f is differentiable at (0,0) and prove your answer.

2. Define f : R? — R by f(z,y) =

3. Let F be a nonempty subset of a metric space and let f : E — R be uniformly
continuous on E. Prove that f has a unique continuous extension to the closure
of E. That is, there exists a unique continuous function g : £ — R such that
g(x) = f(z) for x € E.

4. Let B, denote the ball B, = {x € R? : |x| < r} and let f : B — R be a
continuously differentiable function which is zero in the complement of a compact

subset of B;. Show that

. xlfam + x2fm2
R
B, \B-:

exists and equals C'f(0) for a constant C' which you are to determine.
5. Let E be a nonempty subset of a metric space and assume that for every € > 0

E is contained in the union of finitely many balls of radius €. Prove that every
sequence in E has a subsequence which is Cauchy.



2

6. For which exponents r > 0 is the limit

2
n r—1

. n
Jim Y

finite? Prove your answer.

7. Let V be a neighborhood of the origin in R2, and f : V — R be continuously
differentiable. Assume that f(0,0) = 0 and f(x,y) > —3z + 4y for (z,y) € V.
Prove that there is a neighborhood U of the origin in R? and a positive number &
such that, if (z1,y1), (x2,y2) € U and f(z1,y1) = f(z2,y2) = 0, then

ly2 — y1| > elwa — 21].

8.

(a) Find necessary and sufficient conditions on functions h, k : R?> — R? such
that, given any smooth F : R® — R3 of the form F = (F(y, z), Fa(z, 2),0) and
whose divergence is zero, there is a smooth G : R?* — R3 of the form G = (G, G2, 0)
such that V. x G = F in R and G = (h,k,0) on z = 0. (V x G is the curl of the
vector field G.)

(b) Let F be as in (a) and evaluate the surface integral

// F-N dA
s
where S is the hemisphere

{(z,y,2): 2> +y?+22=1,0<2<1},

N is the unit normal on S in the positive z-direction, and dA is the surface area
element.

9. Let f = (f',..., f") map an open set U in R” into R" be C* and suppose that,
for some T € U the matrix f/(Z) is negative definite (an n x n matrix A is negative
definite if £ - A < 0 for all nonzero £ € R™). Show that there is a positive number
¢ and a neighborhood V' of T such that, if y1,...,y, are any n points in V and if A
is the n x n matrix whose i-th row is Vf(y;), then £ - A¢ < —¢|¢|? for all £ € R™.

10. Let f be a C! mapping of an open set U C R™ into R™ and suppose that
f(Z) =0 for some T € U and that f/(Z) is negative definite. Show that there is a
neighborhood W of z and a positive number § such that, if a sequence {zx}72 is
generated from the recursion

Thy1 = Tk + 0 f (zk)

with xg € W, then each zy is in W and xx — T as k — co. You may use here the
result stated in problem 9 without having solved problem 9.



ANALYSIS TIER 1 EXAM
January 2013

Be sure to fully justify all answers. Each of the 10 problems is worth 10 points. Please write
on only one side of each sheet of paper. Begin each problem on a new sheet, and be sure to
write the problem number on each sheet of paper. Please be sure that you assemble your test
with the problems presented in the correct order. You have 4 hours.

1. Let X be a bounded closed subset of R*. Let f: X — X be a homeomorphism. Write
fn for the nth iterate of f if n > 0, for the —nth iterate of f~! if n < 0, and for the identity
map if n = 0. Thus, fo1(z) = f(fa(z)) for all n € Z. Write A(z) := {fu(z) : n € Z} for
x € X. Suppose that A(x) is dense in X for all z € X. Show that for each given z € X
and all € > 0, there exists n > 0 such that for all y € X, there exists k& € [0,n] such that

17s(y) — x|l < e

2. Let f: R — R be a function that is differentiable at 0 with f/(0) # 0. Evaluate

GRS EI()
0 F(R) = F(h2 = 1)

3. Determine all real z for which the following series converges:

KE
k!
k=1
You may use the fact that
k!

4. (a) Prove that for all a € R,

[e.e]

a
Zn2+a2 <

n=1

ol

(b) Determine the least upper bound of the set of numbers

o

a
2 ira

n=1




5. Let f(x) be continuous in the interval I := (0,1). Define

D, f(zg) := liminf f(@o £ ) = f (o) :

h—0t h

Put
S:={zxel:D,f(x)<0}.

Suppose that the set f(I\ S) does not contain any non-empty open interval. (Note: this is
f(I\S),not I\ S.) Prove that f(x) is non-increasing on /.

6. Let f: (0,1) — R be a function satisfying

Va,y,0 € (0,1) f(@:z—l— (1 —Q)y) <Of(x)+(1-=0)f(y).

Prove that f is continuous on (0, 1).

7. Let fo: R — R be the periodic function with period 1 defined on one period by

1
T for0<z< 3
fo(l’) = 1
1—=x forigxgl.
Let '
fu(@) : fo(10%z)  forkeN

= 1F
and let sy := fo+ fi+ -+ fr-

(a) Prove that the sequence {s;} converges uniformly on R to a continuous function s: R —
R.

(b) Evaluate fol s(z) dw.

8. Let f: [a,b] — R be a differentiable function.

(a) Prove that if f"is Riemann integrable over [a, b], then

b
| r@de =)~ s,
(b) Give an example of f such that f’ is not Riemann integrable.

2



9. Let A= {(x,y) e R3xR®: x-x =1,y -x = 0}, where “” is the standard dot
product in R? (note that A can be naturally identified with the set of all tangent vectors
to the unit sphere in R?). Show that, as a subset of R the set A is locally the graph of a
C>™ map R* — R? everywhere, i.e., at every point p = (a1, as, as, as, as, ag) € A, there exist
1 < j1 < jo <6 and C™ functions f, g defined in a neighborhood of (a;,, a;,, ai,,a;,) € R,
where {i1,1492,43,04} = {1,...,6} \ {J1, jo}, with

.f(a'ila Ay Ais s ai4) = a’jl )

g(ai17 ai27 ai37 ai4) = CLj2 )

and such that in a neighborhood of p, the set A is the graph

(,le,flij) = (f(xipxi27xi37xi4)7g(xi17xi27xi37xi4>) .

10. Let F be the vector field in R?\ {0} defined by

rzj — xyk

(Y2 + 22)\ /22 + y? + 22 '

F(z,y,2) =

(a) Show that the curl of F is given by

xi+yj+ zk

V XF(zay?Z) = (x2+y2+22)3/2 :

(b) Compute the line integral fCF - ds, where C' is the unit circle centered at the point
(1,1,1) that lies on the plane = + y + z = 3 and has the orientation from the point

1 1 2 1 2 1 2 1 1
1—%,1—%,1—‘—%) to <1—%,1+%,1—%) to <1+%,1—%,1—%) andbaCk

to (1—L 1

1 2
wl= 1t %)



TIER I ANALYSIS EXAM
AUGUST 2013

Solve each of the following nine problems on a separate and clearly labeled sheet
of paper. Fully justify your answers.
Notation:

e R is the set of real numbers
e R™ is Euclidean space
e |z| is the Euclidean length of a vector z € R™; absolute value when n = 1.

(1) Fix positive integers n, N and a bounded set A C R™. We use the notation
Bla,r)={z €R": |z —a| <7}, a€R"r>0.

Show that there exist aj, as, ...,ay € R™ and numbersry,...,ry € [0,400)
such that

N
AC U E(ak,rk)
k=1

and the sum Zszl r? is as small as possible. In other words, the set
{ij:l r? : A can be covered with a collection (B(ay,ry))4_,} has a small-
est element.
(2) Is the sequence (cos(mv/n? + n))>2, convergent?
(3) For which values of = € R does the series
i (=D"
) rtn
converge? Is the convergence uniform on the interval (—1,1)?
(4) Consider the functions f,, : [0,1] — R defined by f,(z) = (1 — 2™)?" for
x € [0,1] and n € N. Prove that the limit lim,,_,o fn(z) exists for every
x € [0,1]. Is the convergence uniform on [0, 1]?
(5) Let f:[0,1] — R be a Riemann integrable function and let e > 0. Show

that there exist continuous functions g,k : [0,1] — R such that g(z) <
f(z) < h(x) for all z € [0,1], and

/0 (h(z) — g(x)) dz < <.

Is the converse statement true?
(6) Assume the function f : R — R satisfies the property

fla+1t) > flx)—t

for all real values of = and all positive values of t. Prove that f must be
nondecreasing.

(7) Let f : R? — R? be everywhere differentiable, and assume that the Jacobian
of f is not singular at any point = (z1,x3) € R?. Assume that |f(z)] <1
whenever |z| = 1, and prove that in fact |f(z)| < 1 whenever |z| < 1.

1
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e —lz— y|2
/ / 5 dz dy.
1+ |z +y?
(9) Given a positive number r # 1, set C,. = {(z,y) € R? : (x — 1)%2 + ¢y =r}.
Calculate the line integral

/ rdy —ydx
o, P4y

where C) is oriented counterclockwise relative to (1,0).

(8) Compute



Tier 1 Analysis Exam
JANUARY 6, 2014

Each problem below is worth 10 points. Answer each one on a new
sheet of paper, writing the problem number on every sheet. Use only
one side of each sheet, and fully justify all answers. Put your answers
in the correct order when you turn them in. You have 4 hours.

0.1. Suppose a metric space (X, d) has this property: Given any € >
0, there is a non-empty finite subset X. C X such that for every
r € X, we have

inf{d(z,p): pe X.} <¢

a) Show that in this case, every sequence in X has a Cauchy
subsequence.

b) Give an example showing that (a) fails if we don’t require the
X.’s to be finite.

0.2. For p,q € R?, let |p| and px g respectively denote the euclidean
norm of p, and the cross-product of p and ¢. Define d : R®* x R?® —
[0,00) by
pl+lal, pxq#0
d(p,q) = ol +1d ~
p —ql, pxqg=0

a) Show that d is a metric on R?.

b) Show that the closed unit d-ball centered at (0,0,0) is not
d-compact.

c) Show that the closed unit d-ball centered at (1,1,1) is d-
compact.

0.3. Assume f,w:R — R are functions, with w(0) = 0. Assume too
that for some « > 1, we have

(1) f) < fla)+w(|o—a|)* foralla,beR

a) Show that when w is differentiable at x = 0, our assumptions
make f infinitely differentiable at every point.

b) Give an example showing that when a > 1 but w is merely
continuous, our assumptions do not force differentiability of f
at all points.
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0.4. Show that every sequence in R has a weakly monotonic (i.e.
non-increasing, or non-decreasing) subsequence.

0.5. Show that the series converges, but not absolutely:
o _1 n
> (e (55) )
n=1 n

0.6. Consider this integral:

/ sin(z?) dx
0

a) Does it converge when p =17
b) Does it converge when p < 07

c) Does it converge when p > 17

0.7. Suppose f : [0,00) — [0,00) is a continuous bijection and consider
the series
i nf(z?)
3F(12)2
“— 1+ nf(z?)
a) Show that the series converges pointwise for all = € R.

b) Show that it converges uniformly on [e,00) when ¢ > 0.

c) Show that it does not converge uniformly on R.

0.8. Let S denote the upper hemisphere of radius » > 0 centered at
0cR3 ie.,

S ={(x,y,2) |2 + 3>+ 22 =r?and z > 0}
and suppose F': R®* — R3 is the vector field given by

ry*tanh(z? + 2)
F(z,y,2) = r + ytsin(z) 2@‘1; )
(2 + 3)ye T Y 2
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Compute

/Curl(F) ‘n dS
s

where n is the upward pointing unit surface normal, and dS is the area
element on S.

0.9. Consider this system of equations in the variables wu, v, s,t:
(u)* +(u+s)>+t=0
sin(uv) + e’ +t* — 1 = 0.

Prove that near the origin 0 € R?, its solutions form the graph of a
continuously differentiable function G : R? — R2. Clearly indicate
the dependent and independent variables.

0.10. Let
yaS+y’+ady 0.0
flz,y) = 6142 (z,y) # (0,0)
0 (z,y) = (0,0)
a) Show that all directional derivatives of f exist at (0,0), and
depend linearly on the vector we differentiate along.

b) Show that nevertheless, f is not differentiable at (0,0).



Tier I Analysis Exam, August 2014

Try to work all questions. Providing justification for your answers is crucial.

1. Suppose f: R — R is differentiable with f(0) = f(1) = 0 and
{z: f'(x) =0} C{z: f(x) = 0} .
Show that f(x) =0 for all x € [0, 1].
2. Let (a,) be a bounded sequence for n = 1,2, ... such that
an, > (1/2)(ap—1 + anyq) forn > 2.
Show that (a,) converges.

3. Suppose K C R” is a compact set and f : K — R is continuous. Let ¢ > 0 be given.
Prove that there exists a positive number M such that for all x and y in K one has the
inequality:

[f(z) = fW)I < M|z —y| +e
Here ||-|| denotes the Euclidean norm in R™. Then give a counter-example to show that

the inequality is not in general true if one takes ¢ = 0.

4. Let f: R™ — R" be a smooth function and let g: R® — R be defined by

glay, .. ) =20 + .. b,
Suppose g o f = 0. Show that det Df = 0.
5. The point (1,—1,2) lies on both the surface described by the equation
22y +2%) =5
and on the surface described by
(z—2)°+y*=2.

Show that in a neighborhood of this point, the intersection of these two surfaces can be
described as a smooth curve in the form z = f(z), y = g(x). What is the direction of

the tangent to this curve at (1,—1,2)7



6. For what smooth functions f: R* — R is there a smooth vector field W : R?* — R3 such

that curl W = V| where

V(x’ y? Z) = (y’ x? f(x7 y? Z))?
For f in this class, find such a W. Is it unique?

7. For each positive integer n let f,, : [0,1] — R be a continuous function, differentiable on

(0, 1], such that
1+ lnz|

VT

for0 <z <1.

| fo(@)] <
and such that

1
—10 < / fn(x)dx < 10.
0

Prove that {f,} has a uniformly convergent subsequence on [0, 1].

8. Define forn > 2 and p > 0

n

H,(p) = Z(log k)P and a,(p) =

k=1

H,(p) '

For which p does ) a,(p) converge?

9. Given any continuous, piecewise smooth curve 7 : [0,1] — R?, consider the following

notion of its ‘length’ L defined through the line integral:
1
£) = [ lalds = [ la(o)] VoTOF + 2P d
0 0

where a point in R? is written as (z,y) and () = (z(t), y(t)).

(a) Suppose we define a notion of distance d between two points p; and py in R? via

J(p1,p2) = inf{i(y) : 7(0) = p1, (1) = po}.

Working through the definition of metric, determine which properties of a metric hold
for d, and which, if any, do not.
(b) Determine the value of cZ((l, 1),(—1,-2)) and determine a curve achieving this

infimum.



Tier 1 Analysis Exam
JANUARY 5, 2015

You have 4 hours to work these 10 problems. FEach is worth 10 points.

Start each answer on on a clean sheet of paper

Use only one side of each sheet

Circle the prob. number in the upper-right corner of each sheet
Fully justify all answers.

- Put your answers in the correct order before submitting them.

0.1. An open set U C R™ contains the closed origin-centered unit
ball B = B(0,1). If a C!' mapping f: U — R™ with rank n obeys
| f(x) —z|| < 1/2 for all x € U, show that

a) ||f||*> must attain a minimum in the interior of B.

b) f(p) =0 for some p € B.

0.2. Suppose f,g: R — R, are functions that obey

flx+h)= f(z)+ g(x)h + a(zx, h)
for all z,h € R, with |a(z,h)| < Ch® for some constant C.
Show that f is affine (i.e., f(z) = ma + b for some m,be€ R).

0.3. Suppose f is differentiable on an open interval containing [—1, 1].
Do not assume continuity of f’.

a) Supposing f'(—1)f'(1) < 0 show that f’(z) =0 for some x €
<_17 1) :

b) Supposing that f'(—1) < L < f’(1) for some L € R, show
that f'(x) = L for some z € (—1,1).

0.4. Suppose (X,d) is a complete metric space. Show that if every
continuous function on a subset U C X attains a minimum, then U
is closed.

0.5. Define the distance from a point p in a metric space (X,d) to a
subset Y C X by
d(p,Y) := inf{d(z,y): y € Y}
For any € > 0, define
Y.={zxe X:d(z,Y) <e}
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Finally, given any two bounded sets A, B C X , define
ds(A,B) =inf{e >0: AC B. and B C A.}
(a) Show that dg yields a metric on the set of closed bounded subsets
of X.
(b) Show that dg fails to do so on the set of bounded subsets of X.

0.6. Determine whether the series converges or not.

3 <e<—1)j sin(1/) _ 1)

J=1

0.7. Let B, denote the ball |x| < r in R3, and write dS, for the
area element on its boundary 0B,.

The electric field associated with a uniform charge distribution on 0Bg
may be expressed as

E(z)=C Velz —y|™" dS,,
9Bp
a) Show that for any r < R, the electric flux faBT E(x)-v dS,
through 0B, equals zero.

b) Show that E(z) =0 for |z| < R (“a conducting spherical shell
shields its interior from outside electrical effects”).

0.8. Let @ be a bounded closed rectangle in R", and suppose we have
functions f,g: @ — R that, for some K > 0, satisfy

|f(z) = f(y)] < K |g(z) — g(y)|

and all z,y € Q). Prove that if g is Riemann integrable, then so is f.
Deduce further that integrability of f implies that of |f].

0.9. Suppose f: U — R is a differentiable function defined on an
open set U D [0,1]2. Assuming f(0,0) = 3 and f(1,1) = 1, prove
that for |V f] > V2 somewhere in U .

0.10. Consider this quadratic system in R*:
a4+ - —d*=0
ac+bd =0

Show the system can be solved for (a,c) in terms of (b,d) (or vice-
versa) near any solution (ag, by, ¢o, do) # (0,0,0,0). (You need not find
explicit solutions here.)



Analysis Tier I Exam
August 2015

Be sure to fully justify all answers.
Scoring: Each problem is worth 10 points.

Please write on only one side of each sheet of paper. Begin
each problem on a new sheet, and be sure to write a problem
number on each sheet of paper.

Please be sure that you assemble your test with the problems presented
in correct order.

. Let f(x) be a continuous function on (0, 1] and

liminf f(z) = «, limsup f(x) = B.

z—0t x—0t

Prove that for any ¢ € [a, (], there exist {z, € (0,1] | n =1,2,---}
such that

lim f(zn) =¢.

n—o0

. Let f(x) be a function which is defined and is continuously differ-
entiable on an open interval containing the closed interval [a,b], and
let

F7H0) = {z € [a,b] | f(z) =0}

Assume that f~1(0) # ), and for any =z € f~1(0), f'(z) # 0. Prove
the following assertions:

(a) f71(0) is a finite set;
(b) Let p be the number of points in f~1(0) such that f’(z) > 0, and
q be the number of points in f~*(0) such that f’(z) < 0. Then
p—ql <1

. Let >>°, a, be a convergent positive term series (a,, > 0 for all n).

Show that > 7, \/g” converges. Is the converse true?




4.

10.

Let f : R — R be differentiable with f’ uniformly continuous. Suppose
lim f(z) = L for some L. Does lim f'(x) exist?
T—00 T—00

. Let £ C R be a set with the property that any countable family of

closed sets that cover E contains a finite subcollection which covers
E. Show that F must consist of finitely many points.

Suppose that a function f(x) is defined as the sum of a series:

flw) =1 = G(20152)° + (4;2(201593)4 - (61!)2(201590)6 +o
=> (-1 ((2;)!)2 (2015)%".
=0
Evaluate

/0 e () da.

Find the volume of the solid S in R3, which is the intersection of two
cylinders C; = {(x,9,2) € R 32 + 22 < 1} and Cy = {(x,9,2) €
R3; 22 + 22 < 1}.

. Let f : R® — R™ be continuous. Suppose that f has the property

that for any compact set K C R™, the set f~1(K) C R” is bounded.
Prove that f(R™) is a closed subset of R™, or give a counterexample
to this claim.

. Let F : R? — R have continuous second-order partial derivatives.

Find all points where the condition in the implicit function theorem
is satisfied so that F'(x —y,y — z) = 0 defines an implicit function z =
z(z,y), and derive explicit formulas, in terms of partial derivatives of
F, for

0z 0z 0%z

or’ 0Oy  0xdy

Suppose that a monotone sequence of continuous functions {f,}7
converges pointwise to a continuous function F' on some closed interval
[a,b]. Prove that the convergence is uniform.

Note: In this problem by a monotone sequence of functions we mean a
sequence f, such that either f,(x) < f,+1(x) for all n and all x € [a, 1],
or fn(z) > fa+1(z) for all n and all = € [a, b].
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Solve all nine problems. They all count equally. Show all computations.

1. Let a > 0 and let z,, be a sequence of real numbers. Assume the sequence

_$1+I2++$n
noe

Yn

is bounded. Show that for each b > a, the series

)

>
nb

n=1

is convergent.
2. (a) Show that for each integer n > 1 there exists exactly one z > 0 such that

1 1 1
—/n.

+ to o ——
vVnr+1  nx+2 vVnxr+n
(b) Call z,, the solution from (a). Find

lim z,.
n—oo

3. Let (X, d) be a compact metric space and let p be another metric on X such that

p(x,x') < d(z,2"), for all x,2’ € X.
Show that for all € > 0 there exists § > 0 such that

p(z,2') <§ = d(z,2') <e.

4. Prove that for each = € R there is a choice of signs s,, € {—1, 1} such that the series

<
2
converges to .
5. Assume the function f : R? — R satisfies the property
flatty+s) > floy) - =1,
for each (z,y) € R? and each (s,t) € R?. Prove that f must be constant.

6. Assume f :[0,1] — R is continuous and f(0) = 2016. Find

lim /01 f(z™)dx.

n—oo



7. Let f:R®> — R and g : R? — R be two differentiable functions with f(z,y, z) = g(zy, yz)
and suppose that g(u,v) satisfies

_9 9996 99 5 6y —
9(2,6) = 2, 8u(2’6)7 1, and av(2,6)—3.

Show that the set S = {(z,y,2) € R®: f(x,y,2) = 2} admits a tangent plane at the point
(1,2,3), and find an equation for it.

8. Let C be the collection of all positively oriented (i.e. counter-clockwise) simple closed
curves C' in the plane. Find

sup{/ (v* — y)dx — 223dy : C € C}.
c
Is the supremum attained?

9. Let
H:{(1373172)’75>Oandx2+y2+22:R2}

be the upper hemisphere of the sphere of radius R centered at the origin in R3. Let F :
R? — R? be the vector field

Flo.y2) = (IQ sin (y* — 2°) ,wy'z 4y, eV 4 y2>

Find / F -n dS where n is the outward pointing unit surface normal and dS is the area
H

element.
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Directions: Be sure to use separate pieces of paper for different solutions. This exam
consists of nine questions and each counts equally. Credit may be given for partial
solutions.

(1) Let f :]0,1] — R be an nondecreasing function, and let D be the set of z € [0, 1]
such that f is not continuous at z. Is the set D necessarily compact? Fully
justify your answer.

(2) Show that there exist a real number ¢ > 0 and a differentiable function f :
(—e,e) — R such that

e H@ = 1 —sin(z + f(z)).

(3) Prove that the function f defined by

flx) = Z COS2(Z2I)

is continuous on the interval (0, c0).

(4) Using only the definitions of continuity and (sequential) compactness, prove
that if K C R is (sequentially) compact and f : K — R is continuous, then f
is uniformly continuous, that is, for all € > 0, there exists 0 > 0 such that if

[z —y| <4 then [f(z) = f(y)| <e

(5) Show that if {z,}5°, is a sequence of real numbers such that
lim,, o0 (Zp+1 — ) = 0, then the set of limit of points of {z,} is connected, that
is, either empty, a single point, or an interval.

(6) Let a and b be positive numbers, and let T' be the closed curve in R?® that
is the intersection of the surface {(z,y,2) : 2z = b-x -y} and the cylinder
{(z,y,2) : 2> + y* = a®}. Let r be a parametrization of T' so that the curve
is oriented counter-clockwise when looking down upon it from high up on the

z-axis. Compute
/ F - dr.
r

where F' is the vector valued function defined by F(z,y, z) = (v, 2, ).
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(7) Let Q = {(z,y) € R?: y > 0}, and define f: Q — R by
241+ 22+ y24+ /(1 —x)% 432
flay) = VLD Lofey,
VY
Show that f has achieves its minimum value on {2 at a unique point (xg, yo) € €2
and find (zo, yo)-

(8) Suppose that (a,)2, is a bounded sequence of positive numbers. Show that

n=1
lim a+as+---+ay — 0

n—00 n

if and only if
ai+az+ - +ap

lim = 0.
n—o0 n
(9) Define d : R x R* — R by
|z — yll
d(xz,y) =
][>+ [lyl|* + 1

where [|z]|> = 27 +--- +22. Let A C R™ be such that there exists € > 0 so that
if a,b € A with a # b, then d(a,b) > €. Show that A is finite.



Tier 1 Analysis Exam
January 2017

Do all nine problems. They all count equally. Show your work and justify your answers.

1. Define a subset X of R™ to have property C if every sequence with exactly one ac-
cumulation point in X converges in X. (Recall that z is an accumulation point of a
sequence (z,,) if every neighborhood of x contains infinitely many z,,.)

(a) Give an example of a subset X C R™, for some n > 1, that does not have property
C, together with an example of a non-converging sequence in X with exactly one
accumulation point.

(b) Show that any subset X of R™ satisfying property C is compact.

2. Prove that the sequence

a =1, agzﬁ, agzm, a4:\/7m, a5:\/7\/7m,

converges, then find its limit.

3. Given any metric space (X, d) show that #‘ld is also a metric on X, and show that

(X, 145) shares the same family of metric balls as (X, d).

4. Suppose that a function f(x) is defined as the sum of series

f(z) = Z(nil - n—1|—1> sin(nx).

n>3

(a) Explain why f(x) is continuous.
(b) Evaluate

/O " ) da

5. Let h : R — R be a continuously differentiable function with ~(0) = 0, and consider
the following system of equations:
e’ + hly) =,
eV — h(z) = v

Show that there exists a neighborhood V' C R? of (1, 1) such that for each (u,v) € V
there is a solution (z,y) € R? to this system.

6. Let n be a positive integer. Let f : R™ — R be a continuous function. Assume that
f(Z) — 0 whenever ||Z]] — oco. Show that f is uniformly continuous on R".



7. Let f,(x) and f(z) be continuous functions on [0, 1] such that lim, . f.(z) = f(z)
for all z € [0, 1]. Answer each of the following questions. If your answer is “yes”, then
provide an explanation. If your answer is “no”, then give a counterexample.

(a) Can we conclude that

lim fn dm—/ f(z)dx?

n—oo

(b) If in addition we assume |f,(z)| < 2017 for all n and for all z € [0, 1], can we
conclude that

n—oo

lim fn )dx = / f(z)dx?
8. Evaluate the flux integral / ? .77 dS, where the field ? is
oV

%
?(m, y,2) = (ze™ — 20z + 2wy cos? 2) 7 + (ysin® z — ye™ + )T + (¥ + 2+ ) k,

and V is the (bounded) solid in R® bounded by the zy-plane and the surface z =
9 — 2% — y?, OV is the boundary surface of V, and 7 is the outward pointing unit
normal vector on JV.

9. A continuously differentiable function f from [0, 1] to [0, 1] has the properties

(a) f(0) = f(1) = 0;

(b) f'(x) is a non-increasing function of x.

Prove that the arclength of the graph of f does not exceed 3.



Tier I Analysis Exam
August, 2017

Be sure to fully justify all answers.
Scoring: Each problem is worth 10 points.

Please write on only one side of each sheet of paper. Begin
each problem on a new sheet, and be sure to write a problem
number on each sheet of paper.

Please be sure that you assemble your test with the problems presented
in correct order.

Let X be the set of all functions f : N — {0, 1}, taking only two values
0 and 1. Define the metric d on X by
0 if f=uy,
d(f,9) =4 1 . .
om if m =min{n | f(n) # g(n)}.
(a) Prove that (X, d) is compact.
(b) Prove that no point in (X, d) is isolated.

Let C[0, 1] be the space of all real continuous functions defined on the
interval [0, 1]. Define the distance on C0, 1] by

d(f,g) = max |f(z) — g(z)].
z€[0,1]
Prove that the following set S C ([0, 1] is not compact:
S={feClo1]]d(f,0) =1},

where 0 € C[0, 1] stands for the constant function with value 0.

Let F(z,y) = Y0 sin(ny) - e @+, Prove that there are a § > 0

and a unique differentiable function y = ¢(z) defined on (1 — 4,1+ 4d),
such that

e(1) =0, F(z,p(x))=0 Vre(l-41+0).
Prove or find a counterexample: if f : R®" — R is continuously

differentiable with f(0) = 0, then there exist continuous functions
g1y -y Gn : R™ — R with

flz) =xg1(21, ooy n) + - - 4 TpGn(T1, ey ).



(5) Let {f.} be a sequence of real-valued, concave functions defined on an
open interval interval (—a,a) (—f, is convex). Let g : (—a,a) — R.
Suppose f, and g are differentiable at 0,

liminf f,,(t) > ¢(¢) for all ¢, and lim f,,(0) = g(0).
Show that lim f/ (0) = ¢'(0).

(6) Let f(z,y) = -5 for (z,y) # (0,0).
(a) Can f be defined at (0,0) so that f,(0,0) and f,(0,0) exist? Jus-
tify your answer.
(b) Can f be defined at (0,0) so that f is differentiable at (0,0)7
Justify your answer.

(7) Let f:[—1,1] = R with f, f', f”, f being continuous. Show that
= 1 1 .
> {rlr () - (5)] 2]

converges absolutely.

(8) Let {f.} be a uniformly bounded sequence of continuous real-valued
functions on a closed interval [a,b], and let g,(z) = [ f,(t) dt for
each = € [a,b]. Show that the sequence of functions {g,} contains a
uniformly convergent subsequence on [a, b].

(9) Compute [, xdxdy, where D C R? is the region bounded by the
curves x = —y?, v = 2y — %, and z = 2 — 2y — y?. Show your work.

(10) Let

1 4
$0>0, $n+1:§($n+x—), n:O,1,2,3,....

Show that x = lim,,_,, ,, exists, and find z.
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Problem 1. Let (X,dx) and (Y, dy) be metric spaces. Let f: X — Y be
surjective such that

Sdx(w,y) < dy(F(2), F(9)) < 2dx(x,)

for all z,y € X. Show that if (X,dx) is complete, then also (Y,dy) is
complete.

Problem 2. Show that

"1
lim | 2vn — )
n—oo ( ; Vk

exists.

Problem 3. Assume that bitter is a property of subsets of [0, 1] such that
the union of two bitter sets is bitter. Subsets of [0, 1] that are not bitter are
called sweet. Thus every subset of [0,1] is either bitter or sweet. A sweet
spot of a set A C [0,1] is a point zp € [0,1] such that for every open set
U C R that contains xg, the set ANU is sweet. Show that if A C [0,1] is
sweet, then A has a sweet spot.

Problem 4. Let f and g be periodic functions defined on R, not necessarily
with the same period. Suppose that

lim f(x) —g(x) =0.
Show that f(z) = g(z) for all x.
Problem 5. Let 0 < 2, < 1 be an infinite sequence of real numbers such
that for all 0 <7 < 1 ,
Z log— <1.
Tn

Tn<r

Show that

o0

Z(l—wn)<oo.

n=1

Problem 6. Suppose that the series > ;| a,, converges conditionally. Show
that the series

Z n(logn)(loglogn)?a,,
n=3
diverges.

Problem 7. Find the absolute minimum of the function f(z,y,2) = zy +
yz + zx on the set g(z,y, 2) = 2% +y? + 2% = 12.

Problem 8. Let f: R? — R? be a C'! map such that f~!(y) is a finite set
for all y € R2. Show that the determinant det df (x) of the Jacobi matrix of
f cannot vanish on an open subset of R

1



Problem 9. A regular surface is given by a continuously differentiable map
f : R? = R3 so that the differential df, : R> — R? has rank 2 for all x € R2.
The tangent plane T, is the 2-dimensional subspace df,(R?) C R3. Assume
that a vector field X in R3 is orthogonal to T}, for all z, i.e. X(f(z))-Y =0
for all z € R? and all Y € T},. Show that X - (V x X) = 0 at all points f(x).

Problem 10. Let f(z,y) be a function defined on R? such that

- For any fixed x, the function y — f(z,y) is a polynomial in y;
- For any fixed y, the function x — f(x,y) is a polynomial in z.

Show that f is a polynomial, i.e.

N
flae,y) = aga'y’
i,j=0
with suitable a; ; € R, ¢,5 =0,..., N.
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Instructions: There are ten problems, each of equal value. Show your work, justifying all
steps by direct calculation or by reference to an appropriate theorem.

Notation: For x = (x1,...,2,),y = (Y1,---,yn) € R", x| = 2} + -+ 22, and d(x,y) =
x—yl.

1. Suppose (a,)5>; is a sequence of positive real numbers and Y >~ | a,, = oo. Prove that there

exists a sequence of positive real numbers (b,)52, such that lim, . b, =0and > 7 a,b, =
00.

2. Show that > 7 sin(z")/n! converges uniformly for € R to a C! function f : R — R,
and compute an expression for the derivative. Justify this computation.

3. Let f:(0,00) — R be differentiable. Show that the intersection of all tangent planes to
the surface z = x f(z/y) (x,y € (0,00)) is nonempty.

4. For z € R, let || denote the largest integer that is less than or equal to z. Prove that

X (1)Ll

converges. Suggestion: The inequality

1 £+11 1
o taw<:
(11 /g 2 S

might be helpful. You do not need to justify this inequality.

5. Let B be the closed unit ball in R? with respect to the usual metric, d (defined above).
Let p be the metric on B defined by

(2,y) = |x —y| if x and y are on the same line through the origin,
PRy = x|+ |y| otherwise,

for x,y € B. (Note that p(z,y) is the minimum distance travelled in the usual metric in
going from x to y along lines through the origin.) Suppose f : B — R is a function that is
uniformly continuous on B with respect to the metric p on B and the usual metric on R.
Prove that f is bounded.

6. Let
sinz 4 2z%sint  if o £ 0,
fx) = S
0 itz =0.

Prove or disprove: there exists € > 0 such that f is invertible when restricted to (—e, €).



7. Define a sequence of functions f, : [0,27] C R — R by
fn(x) _ esin(nx)’

and define F,(z) = [ fu(y) dy. Show that there exists a subsequence (F,, )32, of (F,)5,
that converges uniformly on x € [0, 27] to a continuous limit Fi.

8. Let a closed curve, v, be parameterized by a function f : [0,1] — R? with a continuous
derivative and f(0) = f(1). Suppose that

(1) /(y3 sin? v dr — 2° cos®y dy) = 0.

-
Show that there exists a pair {x,y} # {0,1} with z # y and f(z) = f(y). Give an example
of a curve satisfying (1) such that the only pairs {x,y} with = # y and f(z) = f(y) are
subsets of {0,1/2,1}.
9. Fix a > 0. Let S be the half-ellipsoid defined by S := {(z,y,2) € R®: 22 + y* + (z/a)* =
1 and 2z > 0}. Let v be the vector field given by v(z,y,2) = (z,y,z + 1), and let n be the
outward unit normal field to the ellipsoid {(z,y,2) € R® : 2? 4+ y* + (z/a)* = 1}.

(a) From the fact that the volume of D := {(z,y,2) € R® : 2> + y* + 22 < land 2 > 0
is 27 /3, which you may assume without proof, use the change-of-variables formula in R? to
find the volume of E := {(z,y,2) € R®: 2* + y* + (2/a)? < 1 and z > 0}.

(b) Evaluate
/ / v-n dA,
S

where dA denotes the surface area element.

10. Let f: R™ — R be C?, let I denote the n x n identity matrix, let

_ (&)
D*f(x) = (6% 3%‘)1949 ’

and assume that there exists a positive real number a such that D?f(x) — al is positive
definite for all z € R”, or equivalently, assume that there exists a positive real number a
such that Dy[Dyf](x) > a for all unit vectors u € R™ and points « € R", where D, denotes

the directional derivative in the direction u. (You do not have to prove the equivalence of
these two versions of the assumption.)
(a) Let Vf denote the gradient of f. Show that there exists a point x € R"™ such that
Vf(x)=0.
(b) Show that the map Vf : R" — R" is onto.
(c) Show that the map V f : R"® — R" is globally invertible, and the inverse is C".
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Solve all nine problems. They all count equally. Show all computations.

1. Let f: R — [0,1] be continuous. Let z; € (0,1). Define z,, via the recurrence

3., 1 [l
$”+1:an+1 ; f, nZl
Prove that x,, is convergent and find its limit.

2. Suppose (X, d) is a compact metric space with an open cover {U,}. Show that for some
e > 0, every ball of radius € is fully contained in at least one of the U,’s.

3. Find

oo
. 1
lim -
N—oo - 7’Ll+71°gN

Here log is the natural logarithm (in base e)

4. (a) Give an example of an everywhere differentiable function f: R — R whose derivative
f'(x) is not continuous.

(b) Show that when f,g: R — R are functions, and for every e > 0, there exists a
d = d(e) > 0 such that |h| < 0 guarantees

flx+h) - [(z)
h

—g(x)| <e
for all x € R, then f’ exists and is continuous at every x € R.

5. (a) Give an example of a continuous function on (0,1] that attains neither a max nor a
min on (0, 1].
(b) Show that a uniformly continuous function on (0, 1] must attain either a max or a
min on (0, 1].
6. Assume f : (0,1)> — R is continuous and has partial derivative % at each point (x,y)
satisfying
of

I&T(ﬂﬁ,y)l_1

Consider the set
Ss = {(2,y) € (0,1)*: |f(z,y)| < d}.
Prove that the area of Sy is less than or equal to 46 for each § > 0.

7. Prove that there are real-valued continuously differentiable functions w(z,y) and v(z,y)
defined on a neighborhood of the point (1,2) € R? that satisfy the following system of
equations,

zu? +yv® + oy =4

vv? +yu? —zy = 1.



8. Consider the upper hemi-ellipsoid surface > = {(x, y,z) € R? : 2—; + ‘Z—; + ’Z—z =1and z > 0}
for positive constants a, b, c € R and define the vector field F= (0yf, =04 f,2) on X for some
smooth function f : R® — R. Evaluate the surface integral / F -7 dS, where 7 is the

b
upper/outward pointing unit normal field of 3.

9. Let f: R* — R be continuous and suppose that for some R > 0, |f(z,y)| < e~ 2242

whenever \/z2 4+ y2 > R.

(a) Show that the integral

o5.t)= [ [ Fla) (=57 + (= 7) dody

converges for all (s,t) € R?
(b) Show that ¢ is continuous on R
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Try to solve all 9 problems. They each count the same amount. Justify your answers.

1. Consider the function f : R? — R given by

B (x, 0),
Foy) = P (z,y) # (0,0)
0 if (z,y) = (0,0).

(a) Show that the function f has a directional derivative in the direction of any unit
vector v € R? at the origin.

(b) Show that the function f is not continuous at the origin.

2. (a) Prove that if the infinite series

o
(%) Z |41 — an|  converges for some sequence {a,} C R,

n=1
then necessarily the sequence {a,} converges as well.

(b) Give an example of a sequence {a,} such that (x) holds while the series

o0

Z a, diverges.

n=1

3. Let f:]0,1] — R be Riemann integrable and continuous at 0. Show that

1

lim f(z™)dx = f£(0) .

n—00 0

4. Let
F = cos(y? + 2%)i + sin(z® + 2%)j + ¢ 'k

be a vector field on R?. Calculate [ F - dS, where the surface S is defined by
5

2+ y2 =e*cosz, 0<z<7/2, and oriented upward.



. For positive integers n and m suppose f : R" — R™ is continuous and suppose K C R"”
is compact. Give a proof that f(K) is compact, that is, give a proof of the fact that the

image of a compact set in R" under a continuous map is compact.

. Suppose that f : (0,00) — (0,00) is a differentiable and positive function. Show that

for any constant a > 1, it must hold that

o f(@)
im inf = <0.

Hint: You might consider an argument that proceeds by contradiction.

. Prove that the following series

i 3n% + z* cos(nx)
— nt + 22

converges to a continuous function f: R — R.

. Counsider the two functions

T

F(x,y,2) := ze® + ye* — ze
and
G(z,y,2) :=In(1 +x+ 2y + 32) +sin(2z — y + 2).

(a) Argue that in a neighborhood of (0,0, 0), the set

can be represented as a continuously differentiable curve parametrized by x.

(b) Find a vector that is tangent to this curve at the origin.

. Let {f,} be a monotone sequence of continuous functions on [a,b|, that is, fi(z) <
fa(z) < f3(x) < --- for all x € [a,b]. Suppose {f,} converges pointwise to a function f
which is also continuous on [a, b], as n — oco. Show that the convergence is uniform on

a, b].
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Write the solution to each of the following problems on a separate, clearly iden-
tified page. Each problem is graded on a scale of zero to ten.

Problem 1. Let {a,}nen be a sequence of nonnegative real numbers such that
lim, o a, = 0. Show that there exist infinitely many n € N with the following

property:
am < ap for every m > n.

Problem 2. Let {a,}nen be a sequence of nonnegative real numbers such that
lim,, yo0 an, = 0 and

1
|an — ans1] < — for every n € N.
n
Prove that the alternating series > >~ (—1)""!a,, converges.

Problem 3. Denote by X the collection of all sequences © = {z, },en with the
property that z,, € [0,1] for every n € N. Define a metric on X by

d(x,y) = SUII\)] |xn - yn‘v T = {xn}nENay = {yn}nEN e X.
ne

Let f : X — R be a uniformly continuous function. Show that f is bounded.
(NOTE: Take for granted the fact that d is in fact a metric. The conclusion is not
correct if f is just continuous.)

Problem 4. Define a sequence {ay, }nen as follows:

a1:1,a2:\/§,a3:M7...,an:\/2\/3\/~~\/ﬁ,

Show that the sequence converges in R.

Problem 5. Let f : R? — R be a differentiable function such that f£(0,0) = 0.
Show that the improper integral

f(z,y)
———— dxd
//zz+y2§1 (x2 4 y2)4/3 o

: f(z,y)
1 dxd
EI‘H)I ﬁ<w2+y2<1 x? + )4/3 e

Problem 6. Let f : R — (0,+00) be a differentiable function such that f'(x) >
f(x) for every z € R.

(1) Show that there exists a constant k > 0 such that
(0.1) lim f(z)e " = +oc.
(

converges, that is,

exists.

Tr—r00

2) Find the least upper bound of the numbers k for which (0.1) can be proved.
1
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Problem 7. Let f: R — R be a differentiable function such that f’ is uniformly
continuous and lim,_, ;. f(z) = 2020. Does the limit lim,_, 4~ f'(x) necessarily
exist? (NOTE: Prove if true, provide an example if false.)

Problem 8. Let f : R — R be a continuous function such that f(z + 1) = f(x)
for every z € R. Define functions f, : R — R, n € N, as follows:

1
fi(@) = f(@), fa(2) = 5(fa-1(z = 27") + faa(z +277)), z€Rn22.
Show that the sequence {f,}nen converges uniformly on R.

Problem 9. Let f : R? — R? be a continuously differentiable function. Suppose
that the Jacobian determinant det D f(0,0) is equal to zero. Show that for every
€ > 0 there exist M, > 0 with the following property:

If B, is the closed disk of radius r < ¢ centered at (0,0), then f(B,) is
contained in a rectangle with sides Mr and er.



Analysis Tier I exam
August 2020

Instructions:

1. Be sure to fully justify all answers.

2. Please write on only one side of each sheet of paper. Begin each problem on a new
sheet, and be sure to write a problem number on each sheet of paper.

3. Please assemble your test with the problems in the proper order.

4. Each problem is worth 11 points.

Problem 1. Let xg > 0 be a fized real number and consider the sequence

1 4 .
Tny1==|xn+— 1], if n=0,1,2,3,...,
2 Tn

(a) Show that xp+1 > 2, if n > 0.
(b) Show that 11 < xy , if n > 1.
(c) Show that x = limy, 00 x,, exists.
(d) Find x.

Problem 2. Find the value of [[,F -n dS where F(z,y,2z) = (yz% sinz,2?), E is the
upper half of the ellipsoid {x? 4+ y* + 422 = 1, 0 < z}, and n is the outward pointing unit
normal vector on the ellipsoid.

Problem 3. Find the value of

// 1 <2x+y> drd
ex X
pdrty P\dz+y Y

where D is the quadrilateral with vertices (1,-2), (1/2,-1), (1,-3), (2,—6).

Problem 4. Find the absolute minimum of the function f: R* — R given by
[y, z,w0) = 2y + v’z + 22w+ w’s
on the set

S={(z,y,z,w) eER* 1 xyzw =1 and z>0,y>0,z>0 w>0}.

Problem 5. Set ag := 0 and define for k > 1

1 1




2
Assume furthermore that by, is sequence of positive real numbers such that > ;- bi < 00,

and that f : R? = R is a continuous, positive valued function so that

f(z) <by, when ag—q < |z| < ag

for k=1,2,3,.... Show that the improper integral [z f(x)dx exists.

Problem 6. Let f be a continuous function on [0, 1] and twice differentiable on (0,1) such
that f(0) = f(1) =0 and |f" (x)| < 2 for all z € (0,1).

(a) Show that f(x) > 2% — x for all z € [0, 1].

(b) Show that
1
/0 f(z) dx

Problem 7. Let f : R? — R? be a differentiable map (but not necessarily continuously dif-
ferentiable) with component functions f1 and fa, that is f(x1,22) = (fi(x1,z2), fa(z1,22))
for all (z1,x2) € R%. Suppose that for all (x1,72) € R?, one has

0f1 0 f2

0
am($1,$2)_2‘+ 87372(3317'%2) 87‘%,1

1
<.
—6

+

1
(x1,22) 3

5]
+ ‘8ﬁ($1,$2) - 2‘ <

Prove that f is one-to-one' on R2.

Problem 8. Let I be the interval [0,1], and let f : I — R be a continuous function such
that

/f(x):r” drx =0 for allm=3,4,5....
I
Show that f(x) =0 for allx € 1.

Problem 9. Let f, : [0,1] — [0,1] be a sequence of functions that converge uniformly to a
limit function f :[0,1] — [0,1]. Assume that each f, maps compact sets to compact sets.
Is it true that f also maps compact sets to compact sets? Note that we do not assume that
the f, are continuous. Either give a proof, or provide a detailed counterexample.

1i.e., injective
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Instructions: There are nine problems, each of equal value. Justify all of your
steps, either by direct reasoning or by reference to an appropriate theorem.

1. Let N be the set of positive integers. Define a distance function d :
N x N — [0,00) such that (N,d) is a metric space that is not complete. Verify
that your choice for d is indeed a metric, and that (N, d) is not complete.

2. Find all values of z and y minimizing the function f(z,y) = z/y + y/x
on the set z,y > 0, 22 + 2y = 3.

3. Let P be the solid parallelepiped in R? with vertices py = (0,0,0), p; =
(17273)a b2 = (27_175)3 b3 = (_177a4)7 Ps = (37178)5 b5 = (07977)’ Pe =
(1,6,9), and p; = (2,8,12). (Note: If the p; are considered as vectors, then
Pa = p1+p2, p5 = P1 + P3, Pe = p2 + p3, and pr = p1 + p2 + ps.) Evaluate

///P(—x—l—?)y+z) dx dy dz.

4. Let E be the square-based pyramid in R? with top vertex (1,2,5) and base
{(z,y,0) : 0 <2 <3,0 <y <3}, and let S1,52,53,54 be the four triangular
sides of E. Define the vector field F : R? — R? by

F(r,y,2) = (3¢ —y + 4z, 2 + 5y — 2z,2° + y* — 2).

4
Z// F-n dA,
j=1" 75i

where n is chosen to be the unit normal vector to S; with a positive component
in the z direction, and dA indicates that the integral is with respect to surface
area on 5.

Find

5. The improper integral fooo g(x)dzx of a continuous function g is defined

as limp_, oo fOR g(7) dz when this limit exists. Let f be continuous on R?, and
suppose that fooo f(x,y) dy exists for every x € [0, 1]. Assume there is a positive
constant C such that

o0
C
< —— A <zx<l.
/z f(gc,y)dy’_log(2+z)7 orz>0and 0<z<1

Show that fol [fooo flz,y)dy }dm = [ [fol f(x,y) dw} dy.



6. Assume a7 € (0,1) and
Unp1 = a2 —a? 4+ 1,for n=1,2,3,....

(a) Prove that {a,}5>; converges and find its limit.
(b) For b, = ajaz - - an, prove that {b,}°2; converges and find its limit.

7. Let {f,}22; be a uniformly bounded sequence of continous functions
defined on [0,1] x [0,1], and let F,(z,y) = fyl [f; 5*1/2t*1/3fn(s,t)d5} dt.

(a) Show that, for each n, F,(x,y) is well-defined (possibly as an iterated
improper integral) for (z,y) € [0,1] x [0,1]. (Recall that the improper integral
fol g(u) du of a continuous function g on (0, 1] is defined as lim,_,g+ f; g(u) du
when this limit exists.)

(b) Show that the sequence {F,};2 has a subsequence {F,,}52, that con-
verges uniformly on [0, 1] x [0, 1] to a continuous limit F.

8. We let log # be the natural logarithm (in base €). Is the series

> oy
(log n)log logn

n>100

convergent or divergent? Justify your answer.

9. Suppose F : R3 — R is continuous, and for each (z,y) € R?, z
F(z,y, z) is a strictly increasing function of z. Suppose that F(z,yo,20) = 0.

(a) Prove that there exists an open neighborhood U of (zg,y0) in R? such
that there is a unique function g : U — R with F(z,y,g(z,y)) = 0 for all
(z,y) e U.

(b) Show that g is continous on U.
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The complete solution to each of the problems below is worth 10 points, so 90
is the maximum score. Please write your solutions on separate sheets, use only one
side of each sheet, and make sure each page is labeled with a problem number.

(1)

Define continuous functions f, : [0,1] — R by

142"
Fnl®) = 5=

Show that the sequence (f,)nen is not equicontinuous on [0, 1].

r€e€R,neN.

Let (an)nen be a sequence of real numbers such that

o0
Z |an, — any1] < +oo.

n=1

Show that (a,)nen is a convergent sequence.

Let f: R — [0,+00) be a differentiable function such that both f and — f’
are nonincreasing on R. Prove that

lim f'(x)=0.

r—r+00

Let G C R be the set of vectors A = (ag, a1, as, az, as) with the property
that the quintic polynomial

Pa(x) = ag + a1z + azx® + azz® + agx* + 2°

has five distinct real roots. Prove that GG is an open set.

Does the improper integral

/ cos(x?/3) da
0

converge? Justify your answer.

Let tg be an arbitrary real number. Define a sequence (¢,)nen by setting
t, = sin(cos(t,—1)) for n > 1. Prove that this sequence converges and that
the limit does not depend of tg.

Suppose that (a,)nen is an unbounded, increasing sequence of positive
numbers. Show that the series

[e'S)

j : Ap+1 — ap
a

n=1 n

diverges.
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(8) Suppose that f : R? — R is a continuous, compactly supported function.
Define a new function g : R? — R by

g(z) = / 1) dy, = €R2
2 [ — Yy
Prove that the improper integral does in fact converge and that the function

g is continuous. (Here x = (z1,22), y = (y1,¥y2), |z| = /2% + 23, and dy =
dy1dys. Convergence of the improper integral means that the Riemann

integral
/ )
e<|z—y|<1/e ‘JJ - y|

has a limit as € | 0.)
(9) Let Fi(z,y,2) = 6yz, Fa(z,y,2) = 22z, F3(z,y,2z) = 4zy, and let o, :
[—7, 7] — R3 be defined by
a(t) = (cos(t), sin(t),0),
2(8) = (cos(t),sin(t), 4 + (sin(t)) (cos(E))).
(a) Apply Stokes’ Theorem on the surface
S = {(cos(t),sin(t),z) : —m <t < 7,0 < z < 4+ (sin(t))(cos(t3))}
to express

/(Fldl‘ + Fody + ngz)
~

in terms of

(b) Use (a) to evaluate the first integral.
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