Analysis Tier I exam
August 2020

Instructions:

1. Be sure to fully justify all answers.

2. Please write on only one side of each sheet of paper. Begin each problem on a new
sheet, and be sure to write a problem number on each sheet of paper.

3. Please assemble your test with the problems in the proper order.

4. Each problem is worth 11 points.

Problem 1. Let xg > 0 be a fized real number and consider the sequence

1 4 .
Tny1==|xn+— 1], if n=0,1,2,3,...,
2 Tn

(a) Show that xp+1 > 2, if n > 0.
(b) Show that 11 < xy , if n > 1.
(c) Show that x = limy, 00 x,, exists.
(d) Find x.

Problem 2. Find the value of [[,F -n dS where F(z,y,2z) = (yz% sinz,2?), E is the
upper half of the ellipsoid {x? 4+ y* + 422 = 1, 0 < z}, and n is the outward pointing unit
normal vector on the ellipsoid.

Problem 3. Find the value of

// 1 <2x+y> drd
ex X
pdrty P\dz+y Y

where D is the quadrilateral with vertices (1,-2), (1/2,-1), (1,-3), (2,—6).

Problem 4. Find the absolute minimum of the function f: R* — R given by
[y, z,w0) = 2y + v’z + 22w+ w’s
on the set

S={(z,y,z,w) eER* 1 xyzw =1 and z>0,y>0,z>0 w>0}.

Problem 5. Set ag := 0 and define for k > 1
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Assume furthermore that by, is sequence of positive real numbers such that > ;- bi < 00,

and that f : R? = R is a continuous, positive valued function so that

f(z) <by, when ag—q < |z| < ag

for k=1,2,3,.... Show that the improper integral [z f(x)dx exists.

Problem 6. Let f be a continuous function on [0, 1] and twice differentiable on (0,1) such
that f(0) = f(1) =0 and |f" (x)| < 2 for all z € (0,1).

(a) Show that f(x) > 2% — x for all z € [0, 1].

(b) Show that
1
/0 f(z) dx

Problem 7. Let f : R? — R? be a differentiable map (but not necessarily continuously dif-
ferentiable) with component functions f1 and fa, that is f(x1,22) = (fi(x1,z2), fa(z1,22))
for all (z1,x2) € R%. Suppose that for all (x1,72) € R?, one has
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Prove that f is one-to-one' on R2.

Problem 8. Let I be the interval [0,1], and let f : I — R be a continuous function such
that

/f(x):r” drx =0 for allm=3,4,5....
I
Show that f(x) =0 for allx € 1.

Problem 9. Let f, : [0,1] — [0,1] be a sequence of functions that converge uniformly to a
limit function f :[0,1] — [0,1]. Assume that each f, maps compact sets to compact sets.
Is it true that f also maps compact sets to compact sets? Note that we do not assume that
the f, are continuous. Either give a proof, or provide a detailed counterexample.

1i.e., injective



