Analysis Tier I Exam January 2006

All questions are worth 10 points. In question 7, each part is worth 5 points.

1. Show that the function given by

_Ja?sin(l/z) z#0
ﬂm~{0 o

is differentiable for all z € R, but not continuously differentiable at
z=0.

2. Let {f,} be the sequence of functions given by

folz) = nze™".

Prove that {f,} converges to 0 pointwise but not uniformly on the
interval [0,1] as n — oo.

3. Let n be a positive integer and define f on [0,00) by f(z) = {/z. Give
a direct €, 6 proof that f is continuous on [0, 00).

4. Associating any 2 x 2 real matrix (a;;) with a point (a1, ai2, @21, @22)
R*, prove that the set of all invertible, real matrices is not a connected
set in R*.

5. Define a sequence {r,} by ro = 1, and rpy1 = (2/3)rn + 1 for n > 0.
Let the sequence {c,} be defined by ¢y = 1/4, and

. 'rn+1\/a

Cnt1 = 3

for n > 0. Prove that

lim ¢, exists
N~>00

and determine what the limit is.

Hint: First argue that {r,} converges.

6. Do there exist continuous functions f(z,y) and g(z,y) in a neighbor-
hood of (0, 1) such that f(0,1) =1 and g(0,1) = —1 and such that

[f(a?,y)]3 +zg(z,y) —y =0,
[9(z,9)]* +yf(z,9) —z=07

Justify your answer.



7.

10.

Let ¢ > 0 and a positive integer n be given. Let ' C Z X Z be defined
by F={(,j):1<i<j<n}andlet F be any subset of F. Then
define a real-valued function Gg. on R™ by

Gp(Tr,..., %) = (n+ G)Z:sin2 T; — Z (z; — ;).
=1

(i,4)€E

a. Take n = 3 and FE = F. Show that G, has a local minimum at the
origin.

b. For arbitrary positive integer n and E any subset of F', show that
GE, has a local minimum at the origin.

Let D C R? be an arbitrary bounded open set with C* boundary whose
perimeter P is finite. Let f : R? — R be a given C! function satisfying
the condition

|f(z,y)| <1 forall(x,y) € D.

Establish the inequality

\//D (89_5(3”73/) dmdy‘ <P

Suppose K > 0, and F : R? — R? is a differentiable mapping with
|0F,/0z;| < K at every point, for every 1 <1i,j < 2. Show that there
exists C' > 0 such that F' satisfies the Lipschitz condition

IF(p) - F(@) <Cllp—qll forallp,geR®.
Here ||p — g|| denotes the usual Euclidean distance between p and ¢ in
R2.
A family F of functions is said to be uniformly equicontinuous if for
every € > 0 there is a & > 0 such that for every g € F,

|z — 5] <6 = |g(z1) — g(z2)| <€

Note: & does not depend on g or x; or zo. Now suppose that f :
R x [0,1] — R is a bounded continuous function. For each y € [0,1],
define g, : R — R by g,(z) = f(z,y). Suppose that for each y we know
that

lim g,(x) =0= lim g,(z).

Must any such family F := {g, : 0 < y < 1} be uniformly equicontinu-
ous? If so, prove it. If not, provide a counter-example.



